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ABSTRACT
The f i r s t  p a rt of th i s  th e s is  in troduces, in succeeding chapters:
i)  Kaluza-Klein theory , i l lu s t r a te d  by a f iv e  dimensional example 
showing how the d=5 Lagrangian can give, up to  a m u ltip lic a tiv e  
co nstan t, a d=4 Lagrangian. The equations of motion are  derived and a 
Kasner type so lu tion  given fo r a time dependent version .
i i )  Eleven dimensional supergrav ity . The Lagrangian fo r the bosonic 
sec to r i s  given together with the f ie ld  equations derived from i t .  
i i i )  Dimensional reduction and spontaneous com pactification . This 
explains how the  f ie ld s  present in a theory with g rea te r  than four 
dimensions may give c la s s ic a l  so lu tio n s  in  which the m etric describes 
a product space (th e  Freund-Rubin mechanism). One fac to r of the 
product rep resen ting  ordinary space-tim e, the o ther the  ex tra  
dimensions. Synmetry aspects a re  discussed.
iv) Cosmology and in f la t io n . A d esc rip tio n  of standard hot cosmology 
i s  given, i t  being presumed th a t a t  ’l a t e ’ times the ex tra  dimensions 
have been frozen out and th is  d escrip tio n  is  approximately v a lid . The 
standard approach to  in f la tio n  re su ltin g  from a phase tra n s i t io n  i s  
given to  i l l u s t r a t e  how d if fe re n t the d=11 supergravity  approach given 
here is .
v) Kaluza-Klein cosmology, i l lu s t r a t in g  hew spontaneous 
com pactification  can be formulated as a time dependent mechanism 
(dynamical com pactification) for the early  universe in a g ra v ita tio n a l 
model with p erfec t f lu id  m atter. Examples of how the scale  fa c to rs , 
describ ing  the s ize  of the ordinary and ex tra  dimensions, vary with 
time are given from my own c a lcu la tio n s .
I  then go on to  show th a t  fo r p a r tic u la r  so lu tio n s  of d=11 
supergravity  th e re  e x is ts  a 4-form f ie ld  F which has components on the 
in te rn a l space and th a t the existence of th is  F does not req u ire  or 
imply the ex istence of any K illin g  sp inors. The in te rn a l space is  not 
n ecessarily  an E inste in  space, an example being Q‘" . The conditions 
which F must s a tis fy  are derived.
Combining supergravity  and dynamical com pactification  time 
dependent (cosmological) equations of the  Robertson-Walker type are 
form ulated fo r several models w ith d if fe re n t topo log ies. S u itab le  
forms fo r F a re  chosen fo r each model. The Ricci tensor i s  in general
( i ;
non-iso trop ic  in  the in te rn a l space, but must be diagonal.
The equations a re  then solved num erically with and without the new 
F f ie ld  p resen t. The so lu tio n s  are  studied  to  se le c t those which give 
possib le  in fla tio n a ry  behaviour. I t  i s  shown th a t  for the Freund-Rubin 
ansatz alone i t  is  im possible to  get s u ff ic ie n t  expansion. A study of 
how the various components of the new type of F con trib u te  to  the 
energy-momentum tensor follow s. This leads to  necessary conditions to  
be imposed on F fo r in f la t io n . The various models are studied to  
determine whether these conditions a re  f u l f i l l e d .  In c e r ta in  cases 
th e re  i s  a c la ss  of so lu tio n s  fo r which an a r b i t r a r i ly  large expansion 
of the ordinary dimensions can be obtained. In these cases an a ly tic  
asymptotic so lu tio n s  are  given. Even w ith the  necessary conditions 
s a t i s f ie d  o ther fea tu re s  of the model, the form of F and the  topology 
of the in te rn a l space, may give so lu tio n s  in which some of the ex tra  
dimensions expand.
The a r b i t r a r i ly  la rg e  expansion of the ordinary space can solve 
the  horizon problem, but the associa ted  rap id  con trac tion  of the ex tra 
dimensions is  l ik e ly  to  be unphysical. To solve the  f la tn e s s  problem 
would requ ire  the p resen t day density  to  be much la rg e r  than observed. 
I f  a 4-index tensor i s  s im ila rly  used to  give the energy-momentum 
tensor in a non-supersyraraetric g rav ity  theory in g rea te r  than eleven 
dimensions the  in f la tio n a ry  outlook i s  more hopefull because the 
con trac tion  of the  ex tra  dimensions can be reduced by choosing more 
ex tra  dimensions.
Next follows a d ig ression  to study c h ira l d=10 supergravity  
showing th a t  in fla tio n a ry  type so lu tio n s  with f iv e  dimensions 
expanding e x is t .  In a s ta t i c  case i t  i s  possib le  to  get one more 
dimension to  be compact by the presence of a 1-form f ie ld .  This method 
has been extended to  a dynamical case.
Some d iscussion  and comments are  then given. Some techn ica l 
d e ta i ls  appear in appendices together with a note on supersynmetry and 
o r ie n ta tio n  of the in te rn a l space.
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Chapter I  INTRODUCTION
Recently, long a f te r  i t s  o r ig in a l conception{1,2}, the Kaluza- 
Klein idea th a t  g rav ity  and o ther in te ra c tio n s  can be un ified  in a 
theory with more than four space-tim e dimensions has enjoyed a 
rev iv a l. For a review see Salam and Strathdee{3}. There are many 
examples including the sp e c ific  one of d=11 supergravity  in which the 
symmetries of the ex tra  dimensions can give the four dimensional 
e f fe c tiv e  theory a gauge group SU(3)xSU(2)xU(1) amongst others{4}. In 
s ta t i c  models the  ex tra  dimensions are  assuned to  be compact and of 
small enough s iz e , of the  order of the Planck leng th  i f  g rav ity  s e ts  
th e  sca le , to  be undetectable o ther than through th e i r  symmetry 
e f fe c ts .  Chodos and D etw eiler{18} produced a time dependent model in 
which one ex tra  dimension contracted  w ith time w h ilst the  ordinary 
dimensions expanded and th is  explained the  non-observability  of the 
ex tra  dimension. This i s  the  approach I  take in considering the 
cosmology of various d=11 supergravity  models. I t  i s  possib le  th a t by 
making the  sca le  fa c to rs  fo r the ex tra  and ordinary dimensions time 
dependent these models may give an in f la tio n a ry  cosmology driven by a 
p a r tic u la r  form of the 4-form f ie ld  F, and hence solve some of the 
well known cosmological problems. In a l l  the models considered here 
th e re  i s  only one tim e-lik e  dimension, thus ensuring th a t th e re  are no 
closed tim e-lik e  curves.
In chapter I I  Kaluza-Klein theory is  introduced with a d=5 pure 
g rav ity  theory which gives an e ffe c tiv e  d=4 theory of g rav ity  coupled 
to  electromagnetism. A simple time dependent treatm ent of the Chodos 
and Detweiler type{18} i s  given. Chapter I I I  introduces supersymnetry 
and describes how lo ca l supersymnetry im plies supergrav ity . The 
Lagrangian for the bosonic sec to r of d=11 supergravity  i s  given 
together with the equations of motion for the two independent f ie ld s  
the  v ie lb e in  and the  4-form F. The energy-momentum tensor i s  a 
quadratic  in  F.
Kaluza-Klein theory must have a four dimensional in te rp re ta tio n  to  
be physically  r e a l i s t i c  and in  chapter IV the  concepts of dimensional 
reduction and spontaneous com pactificatuion are  discussed with 
p a r tic u la r  reference to  d=11 superg rav ity . Coset space 
com pactification  is  introduced and the re su ltin g  synmetries described.
Spontaneous com pactification is  a r e s u l t  of the f ie ld s  in  the theory 
o ther than the  v ie lb e in , fo r example the  4-form F. In the bosonic
sec to r of d=11 supergravity  various so lu tio n s  have been found in which 
the  space com pactifies to  M^.x My where M^. i s  usually  an ti-d e  S i t te r  
space and My a compact coset space. The f ie ld  F serves as a natural 
mechanism fo r s p l i t t in g  o ff  four dimensions and gives spontaneous 
com pactification  in a l l  the many ground s ta te  s ta t i c  so lu tio n s  of d=11 
supergravity  -  the Freund-Rubin mechanism{6}. Solutions also  ex is t 
when F has components on My constructed from a K illin g  spinorf?}.
I t  i s  assumed th a t  a t  ' l a t e '  tim es the  universe i s  well
approximated by the four dimensional standard cosmology, the  ex tra  
dimensions having been frozen out by some unknown process a t some 
stage . The standard model{8} i s  described in  chapter V together with 
the  older phase tra n s i t io n  forms of inflation{119) which I hope to 
show may be unnecessary. A l i s t  of some of the remaining cosmological 
problems i s  given.
In chapter VI the  ideas of Kaluza-Klein and cosmology are  brought 
together to  show how spontaneous com pactification  can be formulated as 
a time dependent theory y ie ld ing  dynamical com pactification  fo r a 
g rav ity  model w ith perfec t f lu id  m atter. The E inste in  equations are 
s tre tch ed  to  cover more dimensions and the  energy-momentum tensor 
derived. The s p l i t  between ordinary and ex tra  dimensions is  purely 
through assumptions about the space-tim e manifold. Examples of how the 
sca le  fa c to rs  describ ing  the s ize  of the ordinary and ex tra  dimensions 
vary with time are given from my own ca lc u la tio n s . The usual question
of why the ex tra  dimensions are  so small can now be answered by
reversing  the  question and explaining why the ordinary dimensions are 
so la rg e .
In chapter VII I  re tu rn  to  d=11 supergravity  to  describe work 
c a rrie d  out in co llab o ra tio n  with Professor R.G. Moorhouse. The Ricci 
tensor ca lcu la ted  fo r the  space M+x My (as per the example in 
appendix A) i s  equated with th a t  derived from the energy-momentum 
ten so r, in  terms of the bosonic f ie ld s  in  the theory, by the E inste in  
equations. I  show th a t th e re  e x is t new so lu tio n s  with the 4-form f ie ld  
F having components on the in te rn a l space but not constructed  from, or 
implying the ex istence of, a K illin g  sp inor. This work was based on 
the  observation by Professor Moorhouse th a t the f ie ld  F must be of a 
p a r tic u la r  form to  s a tis fy  i t s  own equation of motion. Two s ta t i c  
so lu tio n s  are  given -  one of which has a non-Einstein space fo r M?. 
The conditions which th is  new type of F must f u l f i l l  a re  derived. With
(6)
th i s  new F f ie ld  equations in which the scale  fa c to rs  of the spaces 
and the c o e ff ic ie n ts  of the f ie ld  F a re  time dependent can be derived. 
Equations are  form ulated fo r several models w ith a f ie ld  F su itab ly  
chosen for the d if fe re n t topologies of the various models.
Chapter V III reviews previous time dependent so lu tio n s  for d=11 
supergravity  and then proceeds to  give my numerical so lu tio n s  fo r the 
models of the previous chapter, the to ro id a l example being most 
ex tensively  discussed. The new time dependent F a c ts  to  give dynamical 
com pactification . There are  several c la sse s  of so lu tio n , the various 
components of F co n trib u tin g  q u ite  d if fe re n tly  to  the  energy-momentum 
tensor and thus playing a d iffe re n t ro le  in the E inste in  equations. I t  
i s  shown th a t  fo r the Freund-Rubin ansatz alone i t  i s  impossible to 
get su ff ic ie n t in f la t io n . Study of the e f fe c ts  of the components of F 
in  the equations of motion enable a c la ss  of so lu tio n s  to  be se lected  
fo r which an a r b i t r a r i ly  la rge  expansion of the ordinary dimensions 
occurs. This c la s s  may be su ita b le  fo r in f la t io n . The necessary 
condition  on F fo r the so lu tion  to  be in  th is  c la ss  i s  derived. Even 
with th is  condition s a t is f ie d  o ther fea tu re s  of the  model, the 
choosing of F and the topology of My, can cause some of the d ire c tio n s  
in  M y to  expand. These fea tu re s  are  discussed.
In chapter IX se lec ted  so lu tio n s  are  examined in  re la tio n  to  
solving the  horizon problem. A simple asymptotic an a ly tic  so lu tio n  i s  
given fo r the so lu tio n s  which approach a s in g u la r ity . A h e u r is tic  
argument, ex trap o la tin g  the  so lu tion  to  the present day by jo in ing  i t  
to  the standard model, shows th a t  the expansion of the ordinary 
dimensions can solve the horizon problem. However the accompanying 
con trac tion  of M y i s  l ik e ly  to  be unphysical and beset with quantum 
problems. A look a t  a higher dimensional theory containing a 4-form F 
which ac ts  in a s im ila r way causing dynamical com pactification  shows 
th a t  the con traction  of the ex tra  dimensions can be reduced by having 
a g rea te r number of ex tra  dimensions. The equations fo r th is  model are 
given in appendix D.
In chapter X I  d ig re ss  to  consider the d=10 c h ira l supergrav ity , a 
theory which has become more popular due to  i t s  c h ir a l i ty  and 
connection with s tr in g  th eo rie s . I  show th a t a time dependent version 
can be derived in  which f iv e  dimensions expand, whereas f iv e  co n trac t. 
The f ie ld  F, in  th is  case a 5-form, ac ts  in a d iffe re n t way to  the F 
in  the d=11 models. I  show th a t the s ta t i c  method of Robb and 
T aylor{9} of 'com pactifying' another dimension to  S' can be 
generalised  to  the time dependent model, although the equations have
( 7;
yet to  be studied in  d e ta i l .
In the f in a l  chapter XI I  sunmarise the re s u lts  and give some
discussion . Some techn ical d e ta i ls  appear in the appendices together
w ith a c la r i f ic a t io n  of the  e f fe c t of reversa l of the o rie n ta tio n  of 
My on supersynmetry.
Most of the no tation  w ill be introduced in  the te x t.  I  mainly 
consider tangent space indices ( ie .  ’f l a t '  in d ices): M,N re fe rin g  to
th e  whole space-tim e; a ,b  to  the  d=4 space and m,n to  the
7-dimensional space. I f  the  time d ire c tio n  i s  tre a te d  separately  i t  is  
denoted by 0 and the  a ,b  then re fe r  to  the th ree  s p a tia l  d ire c tio n s . 
In the models which are not 11-dimensional the obvious g en era lisa tio n s  
apply. The curvature 2-form is  denoted , the R icci tensor ,
the Ricci sca la r  R and the connection 1-form , I f  curved space 
ind ices occur, for example to  lab e l coordinates, the  4-space i s  
covered by /Ct , and the 7-space by &< ,^  . Some symbols have more than 
one meaning; th e  context makes i t  c le a r  which is  intended. The summing 
of repeated ind ices i s  implied except on the Ricci ten so r.
(8 )
Chapter I I  KALUZA-KLEIN THEORY
The aim of Kaluza-Klein theory i s  to  construct a complete physical 
theory w ithin a s in g le  geom etrical s tru c tu re . Newton’s F irs t  Law for a 
th ree  dimensional space s ta te s  th a t  a body has a uniform motion in a
s tra ig h t l in e  unless acted upon by a fo rce . E in s te in ’s theory of
general r e la t iv i ty  absorbed the g ra v ita tio n a l force in to  the geometry 
by introducing a curved m etric in to  a 4-dimensional space-tim e so th a t 
Newton’s law now s ta te s  th a t  a body follows a geodesic unless acted on 
by a n o n -g rav ita tio n a l fo rce. The idea of Kaluza and Klein was to  
extend the idea by including the electrom agnetic fo rce in  the geometry 
with a 5-dimensional curved m etric , thus leav ing  only non- 
g ra v ita tio n a l and non-electrom agnetic fo rces . Kaluza and Klein 
suggested th a t  electromagnetism and g rav ity  could be u n ified  by 
considering a pure g rav ity  theory in 5-dimensions but looking a t  the 
theory from a 4-dimensional viewpoint. Both the Lagrangian and
equations of motion are  symmetric among a l l  space-tim e components but 
th i s  synmetry is  broken by the so lu tio n s .
To include a l l  forces in  the geometry the idea has to  be 
generalised  to  g rea te r numbers of dimensions (D) and non-Abelian
symmetries, where D depends on the fo rces to  be included, and the
higher dimensional theory need not be pure g rav ity  but can be, fo r 
example, E instein-Y ang-M ills{10,11,12} higher d e riv a tiv e  g rav ity
{13,14,15} o r, of most in te re s t  in th is  th e s is ,  the maximal
supergravity  th eo rie s  in  10 or 11 dimensions.
Kaluza-Klein th eo rie s  contain  ex tra  dimensions which are not
apparent to  us today o ther than in  the synmetry they c rea te . The
viewpoint taken here, and I th ink  the  only tenab le  one when 
considering cosmological th e o rie s , i s  th a t  the ex tra  dimensions are
re a l with physical s iz e . In some th eo rie s  the  ex tra  dimensions are
ju s t  assumed to  form a compact manifold of a s ize  comparable with the 
Planck length  (fiG/c)=1.6x10"^ cm, but in time dependent th eo rie s  i t  i s  
hoped th a t  th is  s itu a tio n  can be created  dynamically. Some authors{l6} 
have considered quantum e f fe c ts  to  explain the s ize  of the compact 
manifold. Here only c la s s ic a l  th eo rie s  are  considered although quantum 
e f fe c ts  might be invoked to  explain hew i n i t i a l  conditions might have 
a r ise n  or o ther fe a tu re s . However no d e ta ile d  mechanisms w ill  be
(V
given.
In th is  chapter I  w ill describe a simple d=5 Kaluza-Klein model, 
and a time dependent so lu tio n , to  introduce the ideas and concepts. 
These ideas w ill  be extended in  l a t e r  chapters to  cover non-Abelian 
synm etries and ground s ta te s  of the form M,^ x My.
ii=a Kaluza-KIeJLn Theorv
Since we do not "see" the  f i f t h  dimension i t  must somehow be 
tre a te d  d if fe re n tly  from the o ther four in the choice of 5-dimensional 
m etric and connection. Assume th a t th e re  i s  no to rs io n  and th a t  the 
m etric  and connection are not independent; th a t  i s  given one the other 
can be derived from the to rs io n free  condition . A b a s is  of orthonormal 
one forms i s  {V^}= V*,V',V^,V^,V* and the  m etric tensor is
%  = V '"®  7 "  , (2 .1 )
where ^„^= d iag (+ 1 ,-1 ,-1 ,-1 ,-1 ) . The dual b as is  of orthonormal vectors 
i s  = X e,X ,,X i,X ,,X t. I t  i s  assuned th a t  th e re  e x is ts  a K illin g  
vector f ie ld  in  the f i f t h  d ire c tio n  and th is  causes the  asymmetry 
s p l i t t in g  o ff  the f i f t h  d ire c tio n . A choice for the m etric , by no 
means unique, i s
 ^ 1 /"=  oU , a ,  h  ^ (2 .2)
where {v^} i s  an orthonormal b as is  of 1-forms spanning 4-dimensional 
space-tim e, coordinates x*^ , and y is  a coordinate fo r the f i f t h  
dimension and A i s  a 1-form on 4-dim ensional space-tim e only 
( ie .  A = Aa.v'^'). The dual vectors X^  are
where b^ a re  the 4-dimensional orthonormal vectors dual to  v*'’. The 
K illin g  vector in the f i f t h  d ire c tio n  is
k = . (2.4)
The 1-form A can be id e n tif ie d  w ith the 1-form p o ten tia l for a Maxwell 
2 -form F=dA. The choice of m etric (2 .2) w ill y ie ld
i )  4-dimensional E instein-Y ang-M ills equations,
i i )  Q uantisation of charge i f  the  f i f t h  dimension is  compact,
i i i )  The Lorentz force on a charged p artic le{1 7 } .
Consider a pure g rav ity  theory in 5-dimensions with the Lagrangian
A . '  IR „ ,a , (2.5)
where * i s  the Hodge d u a lity  operato r, and /R”*" i s  the
curvature 2-form
' d (2.6)
and the  spin-connection. Assuming the  to rs io n -f re e  condition
.  A = <2 (2.7)
v a ria tio n  of the v ie lb e in  gives the  f ie ld  equation
C a A (2.8)
I f  I  had not assumed (2.6) and V"' and were independent the f ie ld  
equations would be (2 .7) and
D ( *  y  )  = O  (2.9)
which i s  equivalent to  (2 .6 ) . Thus i t  does not m atter which way I  look
a t  the theory, and th i s  i s  a lso  tru e  i f  th e re  i s  a 'm atter* action
which depends only on the m etric . I f ,  however, fermions are  present
to rs io n  does e x is t .
The spin-connection 1-forms can be ca lcu la ted  by the method of 
appendix A and are
i   ^ ( 2. 10a)
CO.t ’ (ZLi -  jr ^  A , (2.10b)
where terms with a t i ld e  re fe r  to  the 4-dimensional space only. These 
give with (2 .6)
Oi)
IR., , (2.12a)
IR.I '  Fa L<i,F  (2-12b)
And so (2.5) becomes
As ° ( | R o.i, a  f  7  - ^ F A | f F ) A V ' .  (2 -13)
The 4-dimensional action  density  can be id e n tif ie d  by in teg ra tin g  over 
the f i f t h  dimension so
I k A *  i  F a Î F  (2.1't)
which i s  obviously the  4-dimensional Einstein-Maxwell Lagrangian.
There are two approaches to  find ing  the  4-dimensional equations of 
motion. E ither take the 5-dimensional f ie ld  equations and su b s titu te  
(2.12) or take the 4-dimensional e ffe c tiv e  theory as given by (2.14) 
and derive the equations of motion from th is .
The above theory has a U(1) gauge invariance which can be
i l lu s t r a te d  by s e ttin g
V * '  ^ v "  ^ â f
for a sca la r function ' f ' ( x ) .
The equations of motion are
ol Î  F = ,
(2.15)
(2.16a)
F A Î  F = J (2 .1 6 b )
I . k  A = - ^ ( F a i c f F  - ( ( c ^ ) a ;  F  )  (2 .1 6 0
A cosmological term, proportional to  *1, can be added to  the 
ac tio n  density  (2 .5) and sources would then appear in the  Maxwell- 
E inste in  equations. A Jordan-Thiry f ie ld  can be introduced by s e tt in g
- V  ^ y  '  ^  ^  ^  (2.17)
in stead  of (2 .2 ) .
(12)
I  have yet to  describe the geometry of the 5-dimensional space. 
Suppose i t  i s  lo c a lly  a product of a 4-dimensional space-tim e with 
a c ir c le  S‘ . I f  s ‘ has a radius a then the  y coordinate has range 
0 < y <2TTa. A f ie ld  (x ,y) can be expanded in  terms of 
eigenfunctions of the K illin g  vector
if  (2C, = 2  , (2.18)
where (j^ x ) a re  complex sca la r  f ie ld s  on I t  i s  the choice th a t the 
ex tra  dimension i s  compact which breaks the  5-dimensional general 
covariance.
The above theory has an ex tra  dimension with the  geometry S* and 
so the synmetry is  U(1). This is  f in e  fo r electromagnetism. To 
genera lise  th is  fo r a theory with a gauge group G consider a 
(4+D)-dimensional manifold which is  lo c a lly  M^ x Mp where Mp i s  a 
manifold th a t  admits a m etric w ith G as i t s  group of K illin g  
symmetries. The choice of G s t i l l  allows some freedom in choosing Mp, 
esp ec ia lly  with the  coset spaces considered la t e r .
For any cosmological treatm ent some, or a l l ,  of the  f ie ld s  must 
depend on time and the  reason fo r our not seeing the  ex tra  dimension 
or dimensions must be some physical process such as th e ir  con traction  
with time although the ex tra  dimensions might be of constant s ize  even 
i f  some f ie ld s  are  time dependent. An example of a time dependent
so lu tio n  was given by Chodos and D etw eiler{18}. Assuning iso tropy  in
the  normal s p a tia l  d ire c tio n s  the m etric (2 .1) is
^  ^  v " ®  V® -  , (2.19)
where V*=dt, v \  rv^, B^ = sb^, where r  and s are  functions of time. 
I f  no o ther f ie ld s  are present the  E inste in  equations are
= 3  #  T  = ^  (2 '20a)
R
o.
CL
  
z r X
s
%
- i " 1
Â  -t J, r iX S P- r s
(2.20b)
X  r s  ‘
(2.20c)
where the dot rep resen ts  the time d e riv a tiv e  and kj i s  the  3-space 
curvature, which has the Kasner type so lu tion  ( i f  k j=0)
(13)
r  r  b (2.21a)
^ (2.21b)
where o( and ^ must s a tis fy  the re la tio n
j = (2.22)
E ith er K or 0  must be negative and to  make cosmological sense I take 
X > 0 ,  /? < 0 so
X =  ^ ^  ~ A  ■ ( 2 . 2 3 )
Note th a t r  = constant , s = s^ t i s  a lso  a so lu tio n . The case k ,/0
has been studied  by nim erical computation and asym ptotically
approaches the above so lu tion . Exact so lu tio n s  have also  been found 
when th e re  i s  a cosmological constant in  the d=5 theory{19).
(I‘t)
Chapter I I I  SUPERGRAVITY
There i s  l i t t l e ,  i f  any, evidence fo r supersymmetry in nature and
even i f  i t  does e x is t  in some form a t high energies or in  higher
dimensions i t  is  very badly broken in any e f fe c tiv e  four dimensional
theory. However there  are some good reasons fo r extending the L ie-
Algebra of a theory to  include a Major ana spin 1/2 generator Qo<, in 
th e  case of general r e la t iv i ty  adding the  re la tio n s
[ O . , r ]  = ^  ,
{ q . ,  j  -  r  < 3 .10
to  those fo r space-tim e ro ta tio n s  (M‘“*^) and tra n s la tio n s  (P**) 
alone{20}. Any lin e a r  rep resen ta tio n  of supersymmetry describes a 
theory of equal numbers of boson and fermion s ta te s .  I t  i s  hoped th a t 
a synmetry re la tin g  fermions to  bosons w ill lead to  can ce lla tio n s  
between the divergences of both and th a t  the re su ltin g  f ie ld  theory 
w ill be f in i t e .  An example is  the N=4 supersymmetric Yang-Mills 
theory which i s  probably f in i t e  to  a l l  orders{21}.
I t  i s  fu rth e r  hoped, although not re a liz e d , th a t  lo ca l 
supersymmetry w ill lead to  a f in i t e  theory of g rav ity . From (3 .1 ) one 
can see th a t  the product of two lo ca l supersymnetry transform ations
w ill lead to  a positio n  dependent space-tim e tra n s la tio n  ( ie .  a
general coordinate transfo rm ation). So lo ca l supersymmetry forces us 
to  a theory of supergravity .
So why N=1 d=11 supergravity?
i)  Supergravity is  the supersymmetry model c lo se s t to  E inste in  
g rav ity .
i i )  I t  i s  the la rg e s t number of dimensions in  which a co n sis ten t 
supergravity  theory e x is ts  w ith spins not g rea te r than 2, excluding 
quasi-Riemannian theories{22}.
i i i )  Hopefully a l l  the space-tim e (geometric) symmetries in  d>4 w ill 
lead to  the co rrec t s e t  of space-tim e and in te rn a l symmetries in d=4. 
The d=11 theory is  la rge  enough to  contain th e  SU(3)xSU(2)xU(1)
( IS )
isometry group from the in te rn a l space. Higgs f ie ld s  a r ise  n a tu ra lly ,
iv) There are mechanisms for compactifying the seven ex tra  dimensions 
to  give an e ffe c tiv e ly  four dimensional theory (see next chapter)-one 
of which is  the  maximal N=8 supergravity ,
v) The f ie ld  content and action  density  is  fixed  by the supersymnetry 
requirement to  be the v ie lb e in  V'’ , a th ree  index antisymmetric tensor 
f ie ld  A*wp and a Rarita-Schwinger Major ana Spinor . All f ie ld s  are 
gauge f ie ld s .  Possibly i t  i s  a candidate fo r a f in i t e  theory of 
g rav ity  but i t  may be over sp ec ified  in terms of the f ie ld  content.
The number of bosonic and ferm ionic degrees of freedom match i f  
in stead  of A**, a six index antisymmetric tensor appears, but
so fa r  attem pts to  construct a successfu l! theory th is  way have 
fa iled {2 3 ).
The d=11 supergravity  theory is  symnetric under the following{24}
a) d=11 general coordinate transform ations.
b) Local 80(1,10) Lorentz transform ations.
c) N=1 lo ca l supersymmetry transform ations.
d) Abelian gauge transform ations given by
N=1, d=11 supergravity  is  ju s t  one attem pt to  explain  nature and th e re  
are  s t i l l  several problems fo r i t  to  overcome. Despite hopes i t  i s  not 
obviously f in i t e .  There i s  the problem of c h ir a l i ty  for so lu tio n s of 
the form M,^ x M?. As y e t th i s  theory produces an unacceptably large  d=4 
cosmological constan t. In th is  th e s is  I  show how supergravity  might 
solve some of these problems in  i t s  use for explain ing our universe.
Having said  th a t  supergravity  has equal nunbers of ferm ionic and 
bosonic degrees of freedom I sh a ll now drop the fermions ( =0) and
consider only the bosonic secto r -  assuming th a t  fo r the period of the 
universe I  am in te re s te d  in  only bosons are  im portant. Supersymnetry 
s t i l l  e x is ts  fo r the higher dimensional theory. The bosonic action  
density  11-form is{25,26}
F a * F  t  J .  F a F a A , (3 .2)
where i s  the  curvature 2 -form, F a 4-form derived, a t  le a s t
lo c a lly , from the 3-form p o ten tia l A, F=dA. The E inste in  equations 
a re  obtained by v a ria tio n  of and are
A "  F a -  0 „ F )  ^  J* F  . ( 3 . 3 )
( là)
The FaF/vA terra does not con trib u te  to  the E instein  eqn .(3 .3) because 
i t  depends on the volume not the  m etric . The f ie ld  equation fo r F (in  
analogy to  the  Maxwell equations and h e rea fte r  re fe rred  to  as the 
Maxwell equations) is
a *  F  =  J.  F a  F  . ( 3 . 4 )
The c o e ff ic ie n t in (3 .4) can be changed simply by resca lin g  A. There 
is  a lso  the id e n tity
d  F- -  O  (3 .5)
required  i f  th ere  is  no global p o ten tia l A. The source term in (3.3) 
is  fixed by the  form F must take to  s a tis fy  i t s  own equation of 
motion.
In ca lcu la tio n s  often  the  component version of (3 .3) was e a s ie r  to  
use and i s
6  F F  Fpp^ PjP^ . ( 3 . 6 )
(17)
rniaptec I I  DIMENSIONAL REDUCTION and SPONTANEOUS COMPACTIFICATION
In the  l a s t  chapter d=11 supergravity  was described as a 
r e la t iv e ly  simple geom etrical theory. However, a t  low energies today 
space-tim e appears 4-dim ensional, not 11-dim ensional, and so any 
so lu tio n  of the d=11 f ie ld  equations w ith physical meaning must
introduce an anisotropy which d is tin g u ish es  between the  ordinary 
dimensions (with coordinates x-^,>t=Q,1,2 ,3 ) and the  ex tra  dimensions 
(w ith coordinates y®^, ^ = 1 , . . . . , 7 ) .  The sim plest procedure i s  ordinary 
dimensional reduction in which a l l  f ie ld s  and transform ation
param eters are q u ite  a r b i t r a r i ly  taken to  be independent of the y* 
coord inates, so fo r a generic f ie ld  (|^(x,y), ignoring any indices i t  
might carry ,
~ ^  ( ^  ) . (4 .1)
To obtain  an e f fe c tiv e  4-dimensional theory the 11-dim ensional action  
density  A„ is  in teg ra ted  with respect to  the y coordinates
(4.2)
where i s  the measure over M? and is  the volume of the manifold 
My (hopefully compact) and must be f in i t e .  The theory so obtained has
exact gauge invariance ( U(1)  ^ from the geometry T^ ) and re ta in s  any
supersynm etries, for example the simple N=1 supergravity  gives the
extended N=8 supergravity  in 4-dimensions ( th is  being the consequence 
of a 32-component spinor in 11-dimensions giving e ig h t 2-component 
sp inors in 4-dim ensions). Obviously extended supergravity  is  not the 
co rrec t physical theory so we are  led  to more complicated reduction
schemes which break some or a l l  of the gauge and/or super-synm etries.
Also, to  ensure th a t the ex tra  dimensions are  not observable, we have 
to  impose th a t  th e ir  s ize  is  small.
The most usual g en era lisa tio n  of (4 .2) is  to  expand the d=11 
f ie ld s  in terms of a complete se t of functions Y^(y), the 
eigenfunctions of some operator on My,
^  -  "Z X ( ' ^ )   ^ ( 4 .3 )
( i s ;
where the expansion c o e ff ic ie n ts  (x) a re  in te rp re ted  as the  
physical f ie ld s  in d=4. I t  i s  the  ex tra  dimension part of an operator 
which gives masses in  d=4 and so the  Y^(y) a re  determined by the mass 
opera to r. I f  the ex tra  dimensions form a compact manifold the mass 
spectrum w ill be d isc re te , the ^n=0 modes being m assless. In teg ra tio n  
over the y coordinates gives the e f fe c tiv e  d=4 theory describ ing  a 
f in i t e  number of m assless modes and an in f in i te  tower of massive 
s ta te s .  In th is  more general scheme a m assless symmetric theory is  
reduced to  a theory with m assless and massive s ta te s  and some or a l l  
of the synmetries broken. A simple example of (4 .3) i s  the expansion 
in  chapter I I  of a sca la r  f ie ld  in  (2 .1 8 ).
There i s  another g en era lisa tio n  of (4 .2) considered by Chaichion 
e t  a l {27} in which the theory i s  reduced to  a hypersurface 
Y :x ^ (z ') ,y * (z ') ,  where z '( i= 0 ,1 ,2 ,3 ) a re  some parameters which take on 
the  ro le  of position  coord inates, by m inimisation of the action
S = cIa. . .  (4.4)
V
The claim of r e f . {27} i s  th a t the reduction y ie ld s  a theory invarian t 
w ith respect to  non-linear re a l is a t io n s  of lo ca l transform ations of 
some gauge group G. This opens up p o s s ib i l i t ie s  of supersymmetric 
th e o rie s  w ith the numbers of bosonic and ferm ionic degrees of freedom 
not equal.
I  now go on to  describe the process c a lled  spontaneous 
com pactification  where I  sh a ll look fo r c la s s ic a l  ( ’ground s t a t e ’ ) 
so lu tio n s  of the d=11 f ie ld  equations where the m etric describes, a t 
le a s t  lo c a lly , a product space M^ x My fo r which the m etric can be 
w ritten  in  the  form
t  . (4 .5)
where is  the usual space-tim e (h ) and My i s  a compact manifold
w ith Euclidian signatu re  (-----------) .  This gives a compact gauge group,
a d isc re te  mass spectrum and prevents tachyons appearing in  the 
reduced theory. Why M^ x My should be the ground s ta te  so lu tion  ra th e r  
than, say, Minkowski 11-space is  not yet explained.
In one of the f i r s t  approaches, Cremmer and Scherk{28}, the 
requ ired  s tru c tu re  was imposed on the  space-tim e (in  th e i r  case
= 0 and th a t  My be maximally symmetric) and then a p a r tic u la r  se t
(19)
of sc a la rs  chosen which complied w ith th is .  In r e f . {28} i t  was shown 
th a t  spontaneous com pactification of ex tra  dimensions was possib le for 
a rb itra ry  space-tim e dimensions and fo r general gauge groups which 
have an SO(N) subgroup. Scherk and Schwarz{29} extended th is  work to 
consider My as a group space and they consider a se t of ’ f l a t '  groups 
which give no d=4 cosmological constan t. More recen tly  numerous 
authors have considered the ex tra  dimensions to  be coset spaces.
I f  maximal symmetry is  required fo r the  d=4 space-tim e M^  ^ i s  
r e s t r ic te d  to  being an E inste in  space ( ie .  a space in which the Ricci 
tensor i s  proportional to i t s  m etric tensor)
(4.6)
Some examples are  given in  ta b le (4 .1 ) .  When I  re fe r  to  an ti-d e  S i t te r  
space-tim e I  am re a lly  re fe rin g  to  the covering space in which the s ‘ 
i s  unwrapped to  R' {30}.
Table(4.1) 
Examples for M*..
Cl Space-time Symmetry Topology
>0 de S i t te r  S0(1,4)
=0 Minkowski Poincare
<0 Anti-de S i t te r  SO(2,3)
R' X ^
R’'
S'x R^  ( R ' x R^ )
I t  i s  d es irab le  to  have the ex tra  dimensions compact to  give a 
d isc re te  mass spectrum and a compact gauge group. This i s  o ften  
achieved by demanding My to  be an E inste in  space a lso
mn (4.7)
C*>0 ensures M, i s  compact i f  i t  i s  an E inste in  space, the cases C%<0 
have no synmetries{31}. I  sh a ll show in a la te r  chapter th a t  (4 .7) is  
not necessary, i t  i s  su ff ic ie n t fo r the Ricci tensor to  be diagonal. I
sh a ll assume (4.7) holds fo r the present d iscussion . All group spaces 
and COset spaces (excluding S' fa c to rs )  admit E inste in  m etrics{32}.
In the case of pure g rav ity  (see chapter VI w ith p =0)
C, = C;L - O  (4.8)
which forces space-tim e to  be Minkowski 4-space x which has only 
Abelian synmetries ( U(1)^ ) or Minkowski x K3 x with symmetry
U(1 )^  {33}. With =0 the theory i s  co n sis ten t w ith com pactification
but does not imply i t .  Adding a cosmological constant (a ) gives{31)
K .  -- , (4.9)
d
which im plies e ith e r  C ,,0% > 0 or C,,Cj < 0 ,  n e ith e r of which is  very 
s a tis fa c to ry . A s im ila r  re s u l t  could be derived fo r the perfec t f lu id  
model in chapter VI. To overcome th is  problem the theory must contain 
bose m atter f ie ld s  which w ill induce spontaneous com pactification . 
There a re  numerous models w ith the  m atter f ie ld s  being
scalars{28;121}; Yang-Mills f ie ld s { 10,12} or antisymmetric 
tensors{34 ,35} coupled to  g rav ity . Here I  am mainly concerned with
d=11 supergravity  in which the  bo se f ie ld s  are  determined by
super synmetry.
In Freund and Rubin{6} i t  i s  shown how, by what is  now known as 
the  Freund-Rubin mechanism, in a d-dimensional theory containing 
g rav ity  and a rank (s-1) antisymmetric tensor f ie ld  com pactification 
occurs p re fe re n tia lly  for (d -s) or s space-like  dimensions. R ef.{6} 
looks f i r s t  a t  a d-dimensional Einstein-Maxwell theory and then a t  a 
g rav ity  theory with an a rb itra ry  (s-1) rank antisymmetric tensor f ie ld
A; but not the f u l l  bosonic supergravity  which is  a p a r tic u la r  example
of th e i r  mechanism. They found fo r the ansatz (where F = dA)
Fa...b = 1 (4-10)
S!
the  sca la r curvatures of the (d -s) and s spaces to  be
, (4.11a)
 ^  ^ e n o i f   ^ (4.11b)
o l- i
For d > s+1, since R^ _^  and R^  have opposite signs, e ith e r  (d -s) or s
(21)
space-like  dimensions compactify. Whichever one does compactify 
depending on the sign of d e t(g j) .  Without supersymmetry the rank of 
the antisyrrm etric tensor i s  not fixed , nor i s  d, but in  N=1 d=11
supergravity  s=4 and so e ith e r  4 or 7 dimensions p re fe re n tia lly  
compactify. I  w ill ,  of course, be considering th e  l a t t e r  which 
includes the tim e-lik e  d ire c tio n  in ordinary space-tim e.
In the d=11 supergravity  I  must se t
9 ' -  = ^  (4.12)
as required in  (4 .5 ) , and
Fftmnp “ ^al>nn ^  ai>c n ~~ CP . (4.13)
The requirement (4.12) th a t  the gauge f ie ld s  are  zero i s  the Kaluza- 
K lein ansatz. There w ill be f lu c tu a tio n s  in a f u l l  quantum theory, the 
c la s s ic a l  so lu tio n s  I  am looking fo r are considered to  be the ground 
s ta te .  For maximal symmetry of the ground s ta te  i t  i s  a lso  required  
th a t
(4.14a)
^  . (4.14b)
To give d=4 lo ca l Lorentz invariance F^^cJ must be an in v arian t 
ten so r, so a possib le  ansatz is
‘  ^  , y '  coAsli—l-, (4.15)
which gives fo r the Ricci tensor
%l> , (4.16a)
. (4.16b)
I sh a ll re fe r  to  the ansatz (4.15) with the F f ie ld  only on as a 
Freund-Rubin com pactification , even in  the more general cases when f  
i s  not constant. Thus an e f fe c tiv e  d=4 theory has been constructed 
with an AdS ground s ta te  and compact ex tra  dimensions. The E inste in  
equations are
( 2 i )
r .  -  i  r .  R ■
(4.17a)
(4.17b)
and the Maxwell equation i s  autom atically  s a t is f ie d  by (4 .1 5 ). There 
are  many so lu tio n s  w ith being AdS and M, some compact manifold. To
obtain  Minkowski 4-space requ ires  f=0. Known M,*s are  l i s t e d  in 
ta b le (4 .2 ) .
Table(4.2)
Known com pactifications of d=11 supergravity
M, G H K illin g
spinors
Holonomy Reference
1) T* U(1) 1 8 1 25
2) S’ 30(8) S0(7) 8 1 41,49
3) J’ SO(5)xSO(3) SO(3)xSO(3) 1 Gz 42,43,44,50
4) »fsU(3)xSU(2)xU{1) SU(2)xU(1)’ 0 S0(7) 4,45,49
5) N' '^' SU(3)xU(1) U (lf 1 Gz 5,51
6) SU(2)* SU(2)xU(1) 0 S0(7) 49
7) S0(5)xSU(2)* SU(2)’ 0 S0(7) 49
8)SU(3)xS SU(3)xSU(2)
S0(3)
S0(3)xU(1) 0 S0(7) 48
9) ? 50(5) S0(3)„« 1 G;. 48
10) S0(5)xU(1) S0(3)xU(1) 2 SU(3) 48
11) K3xT* not a COset space 4 SU(2) 33,46
Notes:
i)  In cases 4,5 and 6 the  holonomy group may be la rg e r  for sp ec ific  
values of the embedding param eters.
i i )  There a lso  e x is ts  a squashed version of so lu tion  5 {116}.
There are  also  so lu tio n s  in  which F has components on M,,
being constructed  from a 'K illin g  sp in o r' ^ (y )
(Z3J
P"""" = ^  ' I d )  . C .18)
where 't ” a re  the 8x8 Dirac m atrices and ^ (y ) s a t i s f ie s  the equation
ÏL  %(%) = Ÿ  ^  ' I d )  , , (4.19)
on My. Obviously not a l l  M? allow th is  construction . The sign of m is  
important here. I f  m > 0 the so lu tion  is  M^ x M^ , i f  m < 0 the so lu tion  
i s  M^ x My where M, i s  My with the  o rie n ta tio n  reversed. This point i s  
discussed in  appendix C.
There e x is t  other so lu tio n s  w ith F components on M? not 
constructed  as in (4 .18 ). These a re  due to  Moorhouse and Nixon{66} and 
are  given in d e ta il  in chapter VII.
There i s  a problem. I f  the ex tra  dimensions are  of the order of 
the Planck length  in  s iz e  th e re  appears in  the  d=4 theory an 
unacceptably large  cosmological constan t. To remove th is  i t  is  
possib le  to  add a higher dimensional cosmological constant and fin e  
tune i t  to  cancel the  d=4 one. Apart from th is  being against the 
s p i r i t  of Kaluza-Klein theory i t  would break the  higher dimensional 
supersymnetry and the  so lu tion  would be unstable{36}. In the  cases 
where K illin g  sp inors e x is t  i t  may be possib le  to  cancel the d=4 
cosmological constant with ferm i b il in e a rs  in the f u l l  theory(36}.
There are  many spontaneously com pactified so lu tio n s  of d=11 
supergravity  l i s te d  above. Some of them w ill be described in  g rea ter 
d e ta i l  l a te r  on as an in troduction  to  th e ir  time dependent versions. 
F i r s t ,  though, I  w ill d iscuss how to  look a t  the symmetry of the 
so lu tio n s . Are th e re  any remaining supersymmetries in the reduced 
theory ? Is  i t  possib le  to  obtain  the  phenomenological gauge symmetry 
SU(3)xSU(2)xU(1) (perhaps spontaneously broken) ?
A surviving super syirmetry would ensure a s tab le  vacuum 
so lu tion{37,38}, although th is  syirmetry would have to  be broken la te r  
fo r phenomenology. In the bosonic sec to r for the vacuum to  have N 
supersymmetries req u ires  the  fermi f ie ld  ' f '  to  remain zero under 
supersymmetry transform ations, th a t  i s
i f - -  ( d - i  m 6 " )  s  (4.20a)
(4.20b)
must have N lin e a r ly  independent so lu tio n s , with the decomposition of 
the d=11 r  m atrices
(4.21)
I f  the supersymmetry transform ation parameter S can be w ritten  
^ I I
(4.22)
(4.20) d iv ides in to  two p a rts
(cl - ^  OP  ^ + PT K  V j  £ (yc)  =z O  , (4 .23a)
( d -  ^  î t„  8 ”)  = C? . (4.23b)
Eqn.(4.23b) reproduces the  K illin g  spinor equation (4 .1 9 ). The 
expression (4.22) is  only tru e  i f  M,^ x My is  a global product and not a 
n o n - tr iv ia l f ib re  bundle and so i s  presumably not necessary, although 
h e lp fu ll ,  in find ing  d=4 supersyrametries{39}. The in te g ra b il i ty  
condition for (4.20) is
I ? '  5 ;  O  . (4.24)
The operator I> on M, takes the follcw ing form for spaces of the type
AdS X M,
- ‘ S ' -  )  t . .  gf><^ /  ^  (4.25a)
C m / '  -  2  Cm, g " :  (4.25b)
The operator contains l in e a r  combinations of S0(7) generators. I f  
has N zero eigenspinors on My Cmm. w ill generate a subgroup of 
S0(7) -  the  holonomy group of M? which leaves the spinors in v a ria n t. N 
can take the values 0 ,1 ,2 ,4  and 8(40}. Since the eigenspinors must 
a lso  s a tis fy  (4.23b) th e  number of supersymmetries may be le s s  than 
th a t  allowed by holonomy. There are  two cases fo r which th e re  are  N=8 
so lu tio n s  of (4 .23b):
a) m*= 0, M^ x My =Minkowski x T^. This corresponds to  the o rig in a l 
Cremmer-Julia theory{25) with only the massive secto r re ta in ed .
b) m‘/  0, M^ x My = AdS x S^. Duff and Pope{41}.
In the cases where non-zero constructed  by (4.18) are
included a l l  supersymmetries a re  broken{117}, some authors 
claiming{24,42} th is  i s  a spontaneously broken version of the 
super synmetric F^^p^ =0 theory. F„«p<^  might have a geom etrical
in te rp re ta tio n  as a R icci f la tte n in g  to rs io n  (see Englert{117}) and 
th is  type of f ie ld  has been constructed fo r some of the examples in 
tab le(4 .2 ){42 ,43 ,44 ,45} .
Now to  consider the gauge symmetry. The gauge group on w ill 
contain  the isometry group of the in te rn a l space My, thus the choice
of My i s  im portant. For the moment l e t  me ignore the co n s tra in ts
imposed by (4.5) and consider a more general choice of m etric
(4.26)
where M ,N =0,...,10 and
E '  -  , (4 .27a)
/  = 6 “  -I- 8 ' " ( K i )  . (4.27b)
E* are  orthonormal 1-forms on M^. (by the choice of V*^ ) and B"' are
orthonormal 1-forms on My such th a t
GÎ gp g  , (4 . 28)
where i s  the  Euclidean s ignature 7-dimensional f l a t  m etric
diagC---------- ) . Assune th a t  the 7-dimensional space My has a p-
dimensional syirmetry group G. Then th e re  ex is t p K illin g  vecto rs  for
the m etric g , , denoted by K,- ( y ) , i=1, . . . ,  p ie .
U [ ( i ,  B"') S> 8 '  4 -  O  , (4.29)
where the Lie d e riv a tiv e  /  w ith respect to  K; i s  most ea s ily  used in
the  form
A j " cl -r d  . (4 . 30)
The group s tru c tu re  i s  i l lu s t r a te d  by the re la tio n
4  \  = [B i , X j]  = fij '' K„ , (4.31)
where are  the s tru c tu re  constan ts of G.
The p 1-forms (x) can be expanded in  terms of the basis  of 
orthonormal 1-forms on M/^
8 ‘( ^ )  = (% ) _ (4.32)
The a’^ ( x) a re  id e n tif ie d  with the p o te n tia ls  of the gauge group. 
Recall th a t in  the  spontaneously com pactified ground s ta te  these are 
se t to  zero. Consider the r e s t r ic te d  general coordinate transform ation
, (4.33a)
 ^ ^  _ (4.33b)
where K-, = K^dy^ generates an isometry of g?. Since £ i (x )  i s  ordinary 
space-tim e dependent the  re su ltin g  d=4 theory w ill in h e r it  the 
isometry group of My as a lo ca l gauge group. I t  can be shown{3,25) 
th a t  under (4.33)
^  jk ^  ; (4.34)
th e  usual transform ation law for a Yang-Mills f ie ld  w ith gauge group 
G. In the case /O the isometry group i s  reduced to  a subgroup
of G which leaves F^^p^ in v a rian t, th is  being equivalent to  m atter 
f ie ld s  in  non-supersymmetric th eo rie s  which transform  n o n - tr iv ia lly  
under G.
Witten{4} pointed out th a t  7 was the le a s t  number of ex tra  
dimensions required  to  give the phenomenological gauge group 
SU(3)xSU(2)xU(1). Cremmer and Schwarz{28} had to  assign a sp ec ific  
dependence of the  f ie ld s  on the  ex tra  dimensions and were thus 
r e s t r ic te d  to  U ( l /  . This would req u ire  some type of preon model to  
bu ild  a g rea te r  symmetry with composite p a r t ic le s .  Scherk and 
Schwarz{29} gave a model in which spontaneous symmetry breaking 
re su lted  from the f ie ld s  having n o n - tr iv ia l y dependence. Duff e t 
al{46} introduced another form of spontaneous symmetry breaking by 
squashing the seven sphere ( ie .  keeping the  topology but changing the 
geometry) which gives sca la r  f ie ld s  in  the  reduced theory non-zero 
vacuum expection values (a Higgs mechanism).
The most economical way to  gain a large  synmetry from the ex tra
(Z7)
dimensions i s  to  make My a coset space (a group space i s  a special 
case of a coset space). Since most My's are  coset spaces I  w ill now
describe how a G in v arian t v ie lb e in  is  constructed.
Let H be a compact Lie subgroup of a compact Lie group G. The
coset space G/H , to  be id e n tif ie d  w ith My, i s  the  se t of cosets
(equivalence c lasses) of elements of G defined, fo r l e f t  cosets of H 
in G by
I f
o l û n /  (jf ~ P c L > * v  H  " ^
(4.35)
(4.36)
then
 ^ H . (4.37)
E ssen tia lly  the  coset space G/H is  the group manifold of G with the
id e n tif ic a t io n  of po in ts corresponding to  equivalent group elements
given by H. The advantage i s  th a t  la rg e r  symmetry groups can be 
obtained fo r a given number of ex tra  dimensions. The coset space is  
in v a rian t under the action  of G. The actual isometry group of G/H is  
o ften  la rg e r  than G; being in  fa c t  GxN(H)/H where N(H) i s  the  
norm aliser of H in G. See C aste llan i e t a l {47} fo r a proof of th is  
and some exceptions. A l i s t  of possib le G and H for d=11 supergravity
is  given in  C as te llan i e t al{48}.
I t  i s  necessary to  find  v ie lb e in  1-forms B"'(m=1, . . .  ,7) for the 
7-dim ensional coset space which are G invarian t and a lso  give a space 
which i s  R icci diagonal. I t  w ill be shown la t e r  th a t  th e re  e x is t  
so lu tio n s  where My i s  R icci diagonal but not an E inste in  space as 
demanded by o ther authors. F ir s t  the  to rs io n  fre e  condition
(4.38)
i s  solved fo r the S0(7) spin conection (ycP'"- -  t/?" and then the 
curvature ca lcu la ted
As s ta te d  i t  i s  required  th a t  the R icci tensor
C  '  r  (4.40)
i s  diagonal. Note th a t  in the  time dependent cases to  be considered 
l a t e r  (4.38) must be replaced by
(4.41)
I f  G i s  a Lie group the coset space can be param etrised by (p -q )=7 
coordinates y*^ . On My th e re  e x is t p independent K illin g  vector f ie ld s  
K ;(y ) ; i= 1 ,. . . ;7  whlch form a basis  fo r the  tangent vecto rs on M> and 
obey the Lie algebra ^  of the group G as in  (4.31) and fo r v ie lb e in  G
invariance the Lie d e riv a tiv e  of along K; must s a tis fy
= V / " "  (4.42)
where é S0(7) Lie a lgebra. Consistency of (4.42)
y ie ld s{ 1l 8}
M  -  4  M  = r K  , Ww . (4.43)
In each coset {y} one can choose a rep resen ta tiv e  element L(y) 
which under l e f t  m u ltip lica tio n  by g«G is  in  general ca rried  in to  
another coset w ith rep resen ta tiv e  element L (y ') .  Thus
9" ^  G H , (4.44)
where y 'and h are functions of y and g and depend on how coset
rep re sen ta tiv es  are  chosen. Eqn.(4.44) defines the  l e f t  tra n s la tio n  of 
G/H by geG . To find  the  v ie lb e in  the  1-form
-  L (g p  oI L ( i^ )  = S I -  i ;  , (4.45)
i s  constructed  where T; are the generators of G ( ie .  L '(y )dL (y)e ^  ) .  
The a re  a se t of l e f t  in v arian t 1-forms on G/H which s a tis fy  the 
Maurer-Cartan equations for G
(4.46)
The Tj can be separated in to  a subset which spans the Lie algebra JJf, 
{T&}, and a subset ly ing  in  G/H, {T„}. I t  i s  the l a t t e r  subset which 
i s  id e n tif ie d  w ith the 7 G -invariant v ie lb e in s  on My. Thus
(4.47)
where m take the q values complementary to  the m. The v ie lb e in  is  
defined to  be
s ' ” = S„  , (4.48)
where i s  an a rb itra ry  rea l parameter which, in general, can be 
d if fe re n t fo r each m. I t  can be checked th a t  s a t i f i e s  (4 .42 ). For a 
good d escrip tion  of how B"^  transform s under gauge transform ations see 
Strathdee{122}.
When G is  a product of simple fa c to rs  one i s  f ree  to  independently 
re sca le  the K illin g  m etric on each simple fa c to r . This does not change 
the topology of the  coset space but a l t e r s  the  geometry. This fa c t 
w ill be important in time dependent th eo rie s  in  l a t e r  chap ters. In 
c e r ta in  special cases one can re sca le  w ithin  a simple 
fac to r(C aste llan i{4 7 } ). Relaxing the condition req u irin g  an E inste in  
space to  th a t  fo r a Ricci diagonal space increases the number of 
possib le  spaces, for instance including the  space M**' of Witten{4} 
which w ill be of in te re s t  l a te r .
The p a r tic u la r  embedding of H in G w ill be la b e lle d  by in teg ers , 
for example p, , p^ and in  the case of G=SU(3)xSU(2)xU( 1 ) ,
H=SU(2)xU(1)xU(1) (fo r extensive d iscussion  of th is  example see 
C aste llan i e t  al{45,48}), which lab e l the topology and can be of 
importance in determining the type of time dependent behaviour.
( 3 0 )
Chapter V COSMOLOGY and INFLATION
In th i s  chapter I  sh a ll b r ie f ly  describe the ’ standard ' 
cosmological model and some of the problems i t  leaves unsolved. In my 
cwn models I  assume th a t the standard model is  a t  le a s t  su b s ta n tia lly  
co rrec t for some era of the evolution of the universe. I  sh a ll then go 
on to  describe some attem pts to  solve these problems using the  concept 
of in f la t io n . The in f la t io n  described in  th i s  chapter i s  caused by a 
phase tra n s i t io n , th i s  i s  not the  case in  the  Kaluza-Klein approach 
although many of the b en efits  a re  the same.
According to  the  standard model the universe i s  assumed to  have 
s ta r te d  in  a s in g u la r ity  of in f in i te  tem perature and density  and to  be 
expanding and cooling. Present day observations of homogeneity and 
iso tropy suggest the use of the Robertson-Walker m etric
(5.1)
where {V } A = 0 ,1 ,2 ,3  is  an orthonormal b asis  of 1-forms fo r the 
space-tim e manifold. Minkowski space, de S i t te r  space and an ti-d e  
S i t te r  space a re  a l l  special cases of the general Robertson-Walker 
space{30}. In th is  case the 1-forms are
V" = a t -
v'  = R(k)  d r
V’- = R ( t )  C(r)  ci<9 ,
CO") s i ^  & ,
(5 .2a)
(5 .2b)
(5 .2c)
(5.2d)
for coordinates ( t ,  r ,  , (j) ) .  R(t) i s  the  scale  fac to r of the
universe, a measure of the  rad ius of the universe, the precise
re la tio n sh ip  depending in  general on the geometry considered. Note 
th a t  r  i s  the ra d ia l coordinate here and not the scale  fa c to r . There
should be no confusion between the  sca le  fac to r  and the R icci tensor.
The function  C(r) i s  given by
(31)
C ( r )  ,  Si.n'kC/iTr) ( 5 . 3 )
/V
where k = -K +1) for a closed (open) universe (C (r)= s in (r ) , ( s in h ( r ) )) 
and C(r)=0 for a f l a t  universe.
The spin-connection 1-forms are
-  A  V'”'  , u 2,3 = , ( 5.4a)
^ i x  '  V LO  ^ - - S z L ?  (5.4b)
where R = ^  and c' = ^  . The curvature 2-forms can now be ca lcu la ted  
and are
= -  A  V d  V'  ^ (5 .5a)
'  [(i) .
The Ricci tensor i s  diagonal and i s
(5.5b)
^ o - £  , (5 .6a)
= R \  = R \  - i .  1  / i ) ' -  \  - (5.6b)
'  ^ J A * la y  Ri
The d e riv a tio n  of these equations i s  a simple case of th a t 
described in  chapter VII. The E instein  equations, without a 
cosmological constan t, are{52}
’ -  8  Ii C, T /,8 (5 .7a)
or
Rag = -  s n c - , ( r . ,  -  -Çc (5.7b)
where G i s  the  g rav ita tio n a l constant and T^ g the energy-momentun 
ten so r. Assuming the  universe to be rad ia tio n  dominated and neglecting  
p a r t ic le  in te ra c tio n s  the  energy-momentum tensor i s  th a t  of a perfec t 
f lu id
( 3 Z )
(5 .8)
where u* = 1, u*=  0 i s  the comoving v e lo c ity , P the  pressure and p 
th e  energy density . The pressure and density , functions of time only, 
a re  re la te d  by the equation of s ta te  9 = 3P.
S u b stitu tin g  (5 .6) and (5 .8) in to  (5.7) gives
| |  = -  H Tt C , ( ç  p )  (5 .9a)
i à S i f S ’  (5.9b)
Conservation of energy im plies (as can be deduced from (5 .9 )) the  
Bianchi condition
(5.10)
(5.11)
I t  i s  a lso  assumed th a t  the expansion i s  ad iab atic
so
5  = cc?nstcuri.lr
where S  i s  the  entropy.
For a rad ia tio n  dominated e ra (53)
Ç ~  f s / ( r )  T *  (5.12)
5  ~  N/ ( r)  (5.13)
where N(T) is  the e f fe c tiv e  number of p a r t ic le  species a t  tem perature 
T. Taking N(T) independent of T the scale  fa c to r  i s  approximately 
given by
R - (5.14)
In a m atter dominated era th is  would be modified to
R ~  /  (5.15)
This model contains many approximations discussed in  r e f . {8}.
I  sh a ll now mention some of the  problems of the standard scenario 
b r ie f ly  described above. These and o thers  are  discussed in  r e f . {8} and
(33;
re ferences th e re in .
1 The S in g u la rity
As t- f  0 R ( t)^ 0  yet 9 (X? so the standard model s ta r t s  in a
s in g u la r ity . This ra is e s  the question of how the s in g u la rity  arose out 
of whatever ex isted  before. Was i t  a quantum flu c tu a tio n  on a scale of 
10"^ cm w 
sometime.
 ^ hich ju s t  expanded ? I f  so i t  should con trac t to  zero again
2 The F la tness Problem
From (5.9)
i e - 9 c l  .  _L
— ^  -  A' (5-16)
where 9  ^ i s  the energy density  for a f l a t  universe (k = 0) and 9 i s  
th e  energy density  for a closed or open universe(k = ± 1) with the same 
(&/Rf . The present energy density  i s  not well known exactly  
( 0.03 < lh M  < 2 ). For the early  universe R * t ' s o  th a t  * was
sm all, in  fa c t near the Planck time(tp Mp )
 ^ <C (5.17)
9c ^
I f  9 was s lig h tly  g rea te r  than 9  ^ the  universe would be closed and 
have collapsed years ago, or i f  9 was s lig h tly  le s s  than 9  ^ the  
universe would be open and the  present p n eg lig ib ly  sm all. Why is  p 
today so close to  ?
3 The Homogeneity, Isotropy and Horizon Problem.
I t  i s  d i f f i c u l t  to  understand why the universe i s  so iso tro p ic  and 
homogeneous today. Was th i s  always tru e  ? We can see everything 
w ith in  a proper d istance
■ (5.18)
A p a r t ic le  horizon w ill  e x is t i f  th is  in teg ra l is  f in i t e .  The v is ib le  
universe might have expanded from a causally  connected region and th is  
could solve th is  problem. I f  the universe expanded in  separate domains 
o f d if fe re n t synmetry then our universe must be to ta l ly  contained 
w ith in  one domain w ith a horizon. The s ize  of the observable universe 
i s  ^ 10*' cm and no domain w alls  are  v is ib le .
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4 The Synmetry Problem.
Why is  the universe now in a s ta te  of synmetry SU(3)xU(1) ? 
Kaluza-Klein th e o rie s  attempt to  explain th i s  by the  synmetry of the 
ex tra  space.
5 Cosmological Constant Problem.
Any cosmological constant (ignored in  the model above) has to  be 
very sm all. Higher dimensional th eo rie s  often  give an e f fe c tiv e  four 
dimensional constant which i s  too big.
6 D im ensionality of Space-time
Space-time appears four dimensional and th is  i s  b u i l t  in to  the 
standard model. In higher dimensional th eo rie s  the  goal is  to  produce 
an e f fe c tiv e  four-dim ensional theory n a tu ra lly  but th i s  i s  only 
achieved to  a lim ited  ex ten t ( ie .  by giving possib le  mechanisms but 
not reasons). I t  i s  in te re s tin g  to  note th a t  g ra v ita tio n a l th eo rie s  
req u ire  g rea te r than th ree  space-tim e dimensions and th a t  only 
th eo rie s  with th ree  e ffe c tiv e  s p a tia l  dimensions can have s tab le  
atomic s tru c tu re  and planetary  systems because, in higher dimensions, 
the fo rces decrease too rap id ly  with d istance between in te ra c tin g  
objects{54}. Therefore only e ffe c tiv e ly  four dimensional space times 
can support l i f e  as we know i t  (obviously). The dim ensionality in 
d if fe re n t domains of the universe may be d iffe re n t but th i s  i s  of only 
th e o re tic a l in te re s t .
Attempts to  solve problems (2) and (3) have been made by try in g  to  
produce a huge in fla tio n a ry  expansion. I f  i t  i s  possib le  to  generate
99a huge amount of entropy (a fac to r of 10 ) in  a causally  connected
volume early  in the expansion of the universe by in f la tio n  these 
problems may be solved. These attem pts w ill be described b r ie f ly  as a 
comparison fo r the models in l a t e r  chapters.
INFLATION
In the standard in fla tio n a ry  approach due to  Guth{119} th e re  i s  a 
f ie ld  (j) with a p o ten tia l V(<j^  ) which d rives the  in f la t io n  by a 
symnetry breaking cosmological phase tra n s i t io n . I f  the p o ten tia l 
takes the form of f i g . (5 . 1) the  i n i t i a l  value of i s  zero due to  the 
high tem perature form of V(^ ) but as the universe expands and cools 
th e  p o ten tia l evolves to  i t s  lew tem perature form with a minimum
( 3 5 )
cj) = . As <|) moves to  the low tem perature minimum a f i r s t  order
phase tra n s it io n  w ill occur a t  tem perature , As the  universe 
continues to  expand and cool bubbles of the  low tem perature phase w ill 
form but, i f  the nucléation ra te  is  lew enough, i t  w ill supercool to  , 
say, in  the high tem perature phase. In the  supercooled phase 
ç>/>/ V(0) which i s  constant so (5.10) gives an exponential expansion 
fo r R (t) before the phase tra n s it io n . When the  phase tra n s it io n  does 
take place much la te n t  heat w ill be re leased  and the  universe w ill 
reheat to  a tem perature comparable to  . This tem perature w ill not 
depend on the time of the exponential expansion. The horizon problem 
is  thus solved by pushing the  horizon back beyond the  v is ib le  
universe. Reheating of the universe only occurs a f te r  bubble wall 
c o ll is io n s  and leads to  an inhomogeneous and an iso trop ic  universe 
today.
To overcome these problems the  New In fla tio n a ry  Universe was 
proposed and has been applied  to  other models{8} . For p o te n tia ls  of 
a p a r tic u la r  type the phase tra n s i t io n  can be a slow ro llo v e r . This 
occurs i f  i s  small. I f  the e ffe c tiv e  p o ten tia l V( c(> ,T) has only
one minimum (a t  ^  =0) for T »  Tc and th is  remains a lo ca l minimum 
fo r a l l  T X 0 the phase tra n s it io n  from 0 to  the global minimum 
cf = cP^ proceeds by the formation and expansion of bubbles of the 
f ie ld  . (f goes to  4  i-" the  bubble but cf < (Pc w hilst th i s  is  
happening and fo r cases where (J )  «  ^  , p ~ V(0) and i s  approximately 
constant so the in side  of the bubble expands exponentially  during the 
phase tra n s i t io n . I t  i s  suggested th a t  the whole observable universe 
i s  contained inside  one bubble and so any inhomogeneities caused by 
bubble wall c o ll is io n  are  ir re le v a n t. The reheating  process occurs by 
decay of Higgs bosons produced from o s c il la t io n  in  the f ie ld  . Just 
as in the Guth scenario an expansion of 10^ ® solves the horizon and 
f la tn e s s  problems. Note th a t  in  the  new in fla tio n a ry  universe 
in f la t io n  takes place during the  phase tra n s i t io n .
The s k i l l  in looking a t  in f la tio n a ry  th eo rie s  of th is  so rt i s  in 
choosing a form of e ffe c tiv e  p o ten tia l th a t gives the  desired  re s u l ts .  
In supergravity  the  e ffe c tiv e  p o ten tia l i s  fixed . New in f la tio n  has 
been applied to  supersymmetric theories{55}.
Another method of in f la t io n , ca lled  chao tic  in f la t io n , has been 
proposed which does not req u ire  a high tem perature phase 
tra n s it io n { 8} . This scheme assumes th a t  the i n i t i a l  d is tr ib u tio n  of 
(P was chaotic and th a t  in some domain f  i s  q u ite  la rg e  and decreases 
slowly so th a t  the  domain behaves as an exponentially  expanding
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universe. The s ize  of the domain must be large  enough to  explain the  
s iz e  of the homogeneous universe today.
Another b en e fit of in f la tio n  is  th a t  the few monopoles present in 
th e  o rig in a l small volume of the universe th a t  has expanded to  10*’* cm 
across become in s ig n if ic a n t and so th e i r  r a r i ty  today is  explained.
The above models are  purely c la s s ic a l .  Quantum grav ity  e f fe c ts  
become important a t  the Planck length  cm) and
d e n s itie s  >1^^ g/cm^. The standard model t e l l s  us th is  density  was 
reached when the universe was 10^ cm ( ie .  10^** Lp) across.
(37)
Chapter H  KALUZA-KLEIN COSMOLOGY
Kaluza-Klein th e o rie s , as described in  chapter I I ,  contain ex tra  
dimensions which I  consider to  be physical and of such small s ize  th a t 
they are not de tec tab le  and are  hence in e ffe c tiv e  o ther than through 
symmetry considera tions. In Kaluza-Klein cosmology th i s  i s  assumed to  
not always have been the case and the ex tra  dimensions have a time 
dependence such th a t th e ir  sca le  could have been comparable to  the 
ordinary dimensions a t  some po in t. The ex tra  dimensions might thus 
have had an important e f fe c t on th e  evolution of our universe and 
might provide an answer to  some of the problems of conventional 
cosmological models. When we consider Kaluza-Klein cosmology we 
usually  assume th a t  the e ffe c t of the ex tra  dimensions was important 
during th e  very early  universe and th a t  the ex tra  dimensions are  
somehow frozen-out a t  a l a te r  stage and th a t  the  universe becomes 
e f fe c tiv e ly  4-dimensional from then on. One of the f i r s t  Kaluza-Klein 
approaches to  cosmology was the 5-dimensional model of Chodos and 
D etw eiler{18}, described in  chapter I I ,  who showed th a t  solving the  
vacuum equations of general r e la t iv i ty  in 4+1-dimensions w ith a Kasner 
type m etric leads to  a cosmology a t the present epoch which has 3+1 
observable dimensions in  which the  Einstein-Maxwell equations are  
obeyed. Guth and others{119} in fla tio n a ry  cosmology 'so lv e s ' the 
horizon and f la tn e s s  problems but involves a non ad iab a tic  period with 
a huge increase in  entropy. Higher dimensional cosmologies hope to 
achieve in f la tio n  a d iab a tic a lly  by some g en era lisa tio n  of the  Chodos 
and Detweiler model. Whether, when expansion i s  very rap id , the 
ad iab a tic  approximation holds is  an open question . Entropy in the  
ex tra  dimensions i s  converted in to  entropy in the  ordinary dimensions 
due to  d if fe re n t time evolution of the  sca le  fa c to rs  of the ex tra  and 
ordinary dimensions.
In th is  chapter I  consider one simple model described by a 
generalised  1+3+D-dimensional Robertson-Walker m etric fo r a space with 
energy density  p behaving as a p erfec t f lu id .  There are  many more 
complicated models (see eg. Lorenz-Petzold{56}) but my aim here i s  to  
describe the main fea tu re s  of the model for comparison with the 
sp e c ific  case of supergravity  considered l a t e r .  I t  i s  assumed th a t the 
4+D-dimensional space i s  governed by the normal E inste in  equations
(39)
s tre tch ed  to  cover the ex tra  dimensions synm etrically
t  R = s  n  A . , (6.1)
where i s  the 4+D-dimensional energy-momentun tensor and A„ a 4+D- 
dimensional cosmological constant (from now taken to  be zero) and 
sub jec t to  the ad iab a tic  condition fo r the entropy S  in  a comoving 
volume
(6 .2 )
where r ( t ) , s ( t )  is  the  scale  fac to r fo r the o rd in a ry ,ex tra  dimensions 
and T the tem perature. I  assume a l l  the ex tra  dimensions have the same 
sca le  fa c to r. The ad iab a tic  assumption assumes in te ra c tio n s  occur a t a 
r a te  adequate to  m aintain thermal equilibrium  ( ie .  reac tion  tim es are  
small compared to  expansion and contraction  tim es.) and i s  l ik e ly  to  
be a reasonable approximation fa r  away from the f in a l  s in g u la r ity . 5 
i s  the 4+D-dimensional g ra v ita tio n a l constant and i s  re la te d  to  G the 
present day g ra v ita tio n a l constant by
5  = 4  (6.3)
where is  the volume of the D-dimensional space today. Note th a t G 
w ill vary today i f  the sca le  fac to r of the ex tra  dimensions i s  not now 
constan t.
A p erfec t f lu id  in 4+D-dimensions obeys a generalised  form of
(5 .8) assuming iso tropy between the 3 and D dimensional d irec tio n s
f  + ( P  + e )  kUkt w (6.4)
and the  equation of s ta te  fo r rad ia tio n  is
9 % 3^  IP , ( 6 - 5 )
This equation i s  the in teg ra ted  form of the Bianchi id e n tity . All 
f ie ld s  are  m assless in the higher dimensions in  Kaluza-Klein theory. 
See Yoshimura{57} and Tosa{58} fo r an iso trop ic  p models and eg. 
Sahdev{59,60} fo r a model s im ila r to  th a t  considered here. For a 
ra d ia tio n  dominated universe the density  is  given by
(3<?;
p  = N'h  Ck T " ' ’  =  /  (6 .6)
where Np,, i s  the  number of p o la risa tio n  s ta te s , a a function (given 
in  Abbott e t a l{ 6l}) and C a constant. The second p a rt of (6 .6 ) is  a 
r e s u l t  of the Bianchi id e n tity  = 0. The generalised  Robertson-
Walker m etric i s
% = V" -  z  - t  g "  (6 .7 )
a»i M = l
where {iT} = {V*,V^,BT} i s  an orthonormal b as is  for the space-tim e 
manifold which i s ,  a t  le a s t  lo c a lly , a d ire c t product(R' x MjX M,). 
This choice of m etric determines the number of ordinary and ex tra  
compactifying dimensions. The s p l i t  does not a r ise  n a tu ra lly  from the 
equations of motion but once the s p l i t  has been chosen then the 
behaviour of the two se ts  of dimensions i s  described by the equations 
of motion. I t  i s  not possib le  to  say hew th re e  ordinary s p a tia l  
d ire c tio n s  were se lected  but i t  i s  assumed, by the choice of m etric, 
th a t  they are and th a t  the anisotropy p e rs is ted  a l l  the way back to  
th e  o rig in a l s in g u la r ity . The 3 and D dimensional spaces are  both 
taken to  be maximally symmetric although there  is  no a p r io r i  reason 
why the ex tra  dimensions possess th is  symmetry. The ordinary space­
time can be taken to  be an ti-d e  S i t te r .
To ex h ib it the time dependence the f u l l  v ie lb e in  i s  w ritten
(6 . 8a) 
(6 . 8b)
8 "  -  5 ( k )  I " ' . (6 .8c)
m
)
where v*" and b”  are  the time independent v ie lb e in s  fo r the 3 and D 
dimensional spaces resp ec tiv e ly .
The R icci tensor is  ca lcu la ted  to  be
R”.  '  X -P f  f  ' (6 .9a)
R ' t  '  * ( ? )  * ic 7TS ' (6.9b)
' '5 . 9 0
where (k^) is  the curvature constant fo r the  3(D) dimensional space, 
f la tn e s s  req u ires  k ,,^  0 and to  have compact ex tra  dimensions k* > 0 ; 
and the  energy-momentum tensor su b stitu ted  in to  the E inste in  equations 
gives
R ' o  -  -  (D . (6 .10a)
R " »  =  £ I L $  a  ( 6. 10b )
R "  -  tlLP< 9^  J>-t3 \
(6 . 10c)
Note th a t  my conventions d if f e r  from those of Abbott e t  a l {61}. 
Equating (6.9) and (6.10) and su b s titu tin g  fo r r  and s in to  the time 
d ire c tio n  equation one finds (equivalent to  the Bianchi condition) the  
condition
Now the constant C in  (6 .6 ) can be ca lcu la ted  fo r a given se t of
i n i t i a l  values.
I  have computed so lu tio n s  to  (6.9) and (6.10) sub jec t to  the  
condition (6 . 11) which, i f  s a tis f ie d  i n i t i a l ly ,  i s  maintained by (6 .9 ) 
and (6 . 10) . I  chose k, = - 1, k , = 1 and D = 7 (fo r comparisons w ith 
d=11 supergravity  l a t e r ) .  The general behaviour of the scale  fac to rs  
r ( t )  and s ( t )  i s  shown in f i g . (6 . 1) for the  i n i t i a l  values r  = s = 1, 
r  = s = 1. The leng th  sca les  a re  not se t by the theory. This i s  also  
tru e  of the supergravity  models and a possib le  means of s e tt in g  the 
sca le  i s  given in chapter IX. I t  can be seen th a t  r  expands, slowly a t 
f i r s t  and then goes through an 'ex p o n en tia l' expansion phase w h ilst s 
expands, reaches a maximum and then decreases to  a s in g u la rity  a t time 
t , , the  same time r  goes to  in f in i ty .  The time dependence forces the
volume of M, to  change w ith time. The r e s u l ts  fo r a v a rie ty  of
i n i t i a l  values, given in  ta b le (6 .1 ) ,  are shown in  f i g s . (6 .1-4) and i t  
i s  c le a r  th a t although the i n i t i a l  behaviour v a rie s  depending on the 
i n i t i a l  conditions the behaviour near t  = t ,  i s  in each case very 
s im ila r and i s  in  fa c t  unavoidable ( i f  changing th e  sign of k, or k* 
i s  excluded fo r physical reasons). There are  a lso  thermodynamic
arguments fo r the behaviour of r  and s (see Abbott e t a l {61}). To 
solve the horizon problem requ ires
J  >  ’  ) / '  (6.12)
ic? C-rvt
which i s  possib le  since r-^oo and s - f 0. However other problons a r is e , 
some of which are considered l a t e r  in  the  context of supergravity . I f  
D increases the  evolution of r  and s is  s im ila r but r  and s change 
more slowly a t f i r s t  but la te r  change much quicker as t - + t , .
TABLE(6.1)
I n i t i a l  values for the perfec t f lu id  g rav ity  model.
r s r s Graph
1 1 1 1 f i g . (6 . 1)
1 1 1 -1 f i g . (6 .2 )
1 1 -1 -1 f i g . (6 .3)
1 1 -1 1 f i g . (6.4)
For the case of f i g . (6 .1) th e  mean volume
X , 5 *  , (6.13)
th e  tem perature, assuming th a t  i t  i s  the same for and (as in 
Barr and Brown{120})
^  S '  ■ [ i f '
and the th ree  dimensional entropy
S3 ~  h t " *  (6.15)
were ca lcu la ted  as functions of the scale  fa c to rs  and are  p lo tted , 
again with a rb itra ry  sca les , together with p in  f i g s . (6 .5 -8 ). See 
Kolb{62} or Sahdev{59,60} fo r s im ilar but more d e ta iled  ca lcu la tio n s  
including a m atter dominated universe. The e f fe c t of g rea te r  numbers
(42;
of ex tra  dimensions, which are not allowed in  supergravity , w ill not 
be discussed here other than to  say they can be used to  improve 
behaviour with respect to  solving the  horizon problem. A sp ec ific  
model with a 4-form F w ill be considered in  chapter X.
Because of the co llapsing  ex tra  dimensions and expanding ordinary 
ones the  mean volume increases and then decreases eventually  
approaching zero (see f i g . (6 .5 ) ) ,  th is  causing the  eventual reheating 
and increasing  p of f i g s . (6 . 6) and (6 . 8) .  As t-» t, the  q u a n titie s  T, 
5  ^ and p approach a s in g u la r ity . However as s decreases th ere  must 
come a point when quantum e f fe c ts  become im portant, even i f  the 
approximations are  s t i l l  va lid  up to  th is  point -  which is  un likely . 
Let me assume th a t a m iracle ca lled  ' quantum grav ity  s ta b i l i s a t io n ' 
occurs a t t<. ju s t  le s s  than t,  when s i s  of the order of the Planck 
leng th
kk (6.16)
and s becomes constant, or very nearly so, to  prevent time v a ria tio n  
in  the g ra v ita tio n a l constant today. Even i f  a m iracle does not occur 
the  p erfec t f lu id  approximation would break down because of lo ca l 
a n iso tro p ie s  in  the expansion ra te s , however the q u a li ta t iv e  behaviour 
of the so lu tio n s  w ill remain the same (see Kolb e t  al{63}). Assuming 
s = s^  ^ a t  and a f te r  t^ i t  i s  in su f f ic ie n t simply to  se t s = s = 0 in
( 6 .9 ) as th is  would requ ire  some f in i te  jumps in o ther q u a n titie s  such 
as the d=4 cosmological constant. There must be some process ac tin g  
over a short period of time which has the e f fe c t of m aintaining a 
constant energy density  in the compact space as the two spaces 
e ffe c tiv e ly  decouple. During th is  time the equations of motion are  
unknown. The e ffe c tiv e  3-dimensional density  a t decoupling i s
(6.17)
where i s  the measure over the compact space M^ . The equations 
describ ing  the 3-dimensional universe become
(6 . 18a)
(6 . 18b)
which correspond to  standard cosmology, w ith a cosmological constant
(43)
a remnant of the ex tra  dimensions, with behaviour dominated by 
Vz
t  (6.19)
See B a ilin  e t al{64} fo r a discussion of behaviour a f te r  t ^ . The d=4 
cosmological constant would be modified by a non-zero curvature in the 
ex tra  dimensions. There are numerous o ther models w ith a rb itra ry  
m atter f ie ld s  coupled to  gravity  (fo r example Randjbar-Daemi e t a l {65} 
fin d  a so lu tio n  i— (t( t,- t) )% : , s ^  co n stan t) but I  am in te re s te d  in  
N=1 d=11 supergravity  in which the m atter content i s  sp ec ified .
( W
Chapter m  COSMOLOGICAL EQUATIONS ii=JLL
In the  l a s t  chapter I  described a scheme for dynamical 
com pactification  of g rav ity  with a p erfec t f lu id , the geometry of the 
ex tra  dimensions being maximally symmetric. Now I want to  apply th is  
idea to  the Kaluza-Klein form of d=11 supergravity  to  obtain a model 
which i s  hopefully more r e a l i s t i c  in  terms of f ie ld  content and 
symmetries as well as having the  p leasing aspect of being a un ified  
geometric theory. I  sh a ll show th a t  th e re  e x is t time dependent scale  
fa c to rs  fo r the  various spontaneously com pactified d=11 so lu tio n s  
given in  chapter IV.
F irs t  I  w ill  show, as was demonstrated by Moorhouse and Nixon{66} , 
th a t  th e re  e x is t many spontaneous compactifying so lu tio n s  of the 
bosonic secto r of d=11 supergravity  in which the f ie ld  A**, (and hence 
M^wPQ ) components on the  7-space but does not req u ire  the
existence of a K illin g  spinor. The form of F, however, is  severely 
r e s t r ic te d .  I  sh a ll show th a t the R icci tensor i s  in  general non­
iso tro p ic  in  the in te rn a l space ( ie .  M, i s  not an E inste in  space). I
then go on to  describe the d eriva tion  of time-dependent cosmological 
equations. The f i r s t  time dependent so lu tio n s  fo r d=11 supergravity  
were given by Freund{67} with M, a seven to ru s . Solutions fo r the 
d if fe re n t manifolds given here w ill be given in  chapter V III, together 
w ith the co n s tra in ts  imposed by cosmology. The symmetry of so lu tio n s  
with F^„p^ X 0 and not constructed  from an q has yet to  be studied .
F ir s t ly  two cases, th a t of the seven-sphere and seven-torus, w ill 
be described in  some d e ta il  and then equations fo r other models w ill 
be s ta ted  w ith some comments. The form of so lu tion  i s  s t i l l  M„x M^ but 
now M,,, can be considered as R* x M,, re c a llin g  th a t  fo r an ti-d e  S i t te r  
space I  mean i t s  covering space.
As s ta te d  before spontaneously com pactified so lu tio n s  of d=11
supergravity  have been found in  which the 4-form f ie ld  l iv e s  on M* 
c rea tin g  the s p l i t  M,,x M?{41}. Solutions have also  been found in  which 
F has components on M,, the f i r s t  such so lu tion  was the round seven- 
sphere{7} and subsequently a p a r tic u la r  squashed seven- 
sphere{24,42,117} and then o ther m anifolds{45}. In a l l  these cases the
f ie ld  F = dA has to  be constructed  using a covarian tly  constant
(K illin g ) spinor ^ (y )  s a tis fy in g  (4.19) which can be w ritten
( 4 5 ;
^ ' 1  ’  T  4 -  ^  1  ' 7 - ' )
with the p o ten tia l (A,) on M?
^  ^ ^"“'C 7 S . (7.2)
where B and hn are the v ie lb e in  and gamma m atrices on M,, and g i s  a 
constan t. Using (7.1) and (7.2) the  4-form on M? is
F, = olA , = 3?  A, (7 .3a)
(7.3b)
3.' '  ^
where i t  can be noticed th a t
(7.4)
In these p a r tic u la r  Kaluza-Klein th eo rie s  the  4-form F i s  completed by 
adding the  Freund-Rubin ansatz for thus the complete F i s
F  = -f F 7 (7.5)
where f  is  a constant and S i  th e  volume element for
.  v"'*-’ (7 .6)
4!
where the V*" are  v ie lb e in s  on Mj^ . I f
(7 .7 )
then F a lso  s a t i s f ie s  the 11-dimensional Maxwell equation
^ X F a F . (7.8)
The fa c t th a t  F s a t i s f i e s  (7.8) i s  a consequence of (7 .4) and thus 
follow s n a tu ra lly  for an A? constructed  from as in  (7 .3 ) . The
condition  (7.8) i s  not compatible with the condition for supersymmetry 
given in  appendix C. As s ta ted  F given by (7 .5) can a lso  solve the 
E inste in  equations in  ce r ta in  cases.
(H-6)
The construction  (7.2) leading to  (7.4) i s  not av a ilab le  when no 
K illin g  sp inors e x is t  on My (eg. on M ^^^ so lu tio n s fo r a rb itra ry  
P, > P 3 ) .  In the case of the squashed seven-sphere, with squashing
parameter ^  , an e x is ts  for = 1 (the round seven-sphere) and 
fo r = 1/ 5. In both these cases one can put on M? a f ie ld  F which, 
by i t s  construction  w ill s a tis fy  (7 .8 ) . In each of these cases th e re  
i s  a so lu tion  of the E instein  equations w ith My an E inste in  space. 
This i s ,  in p a rt, due to  the p roperties  of which has two E inste in
m etrics on i t ;  one for = 1, the o ther for A* = 1/5(24}.
However for /  1, 1/5, and fo r other manifolds in  ta b le (4 .2 ) ,
no K illin g  sp inors e x is t . This im plies, as described in  chapter TV, 
th a t  no supersymmetries e x is t .  I  sh a ll show th a t a 4-form F7 e x is ts  on 
th e  seven-sphere fo r a rb itra ry  squashing such th a t  F given by (7.5) 
s a t i s f i e s  both the Maxwell and E inste in  equations. Afterwards I  sh a ll 
show how the p ro p erties  inherent in  th is  construction  of F allow for
the  in troduction  of time dependence, in a way not otherwise av a ilab le ,
which w ill be used to  form ulate time dependent cosmological equations 
o f the Robertson-Walker type which w ill allcw the squashing parameter 
to  vary with time. I  then look a t other models. The p ro p erties  of th is  
construction  a lso  make possib le a more complete form ulation of one
approach to  s ta b i l i ty  for the  s ta t ic  so lu tion  on the  = 1/5
squashed seven-sphere{68}.
Now for the construction  of the 4-form F on the  squashed seven- 
sphere. Although the round seven-sphere and the squashed seven- 
sphere can both be regarded as coset spaces I do not here follow 
the  procedure of chapter IV but use the v ie lb e in s  of Awada e t a l {50} 
with a s lig h t  change in no ta tion .
»n, (7 . 9a)
b" -  e ”  , m  .  7, J ,  3 ,
where A is  the  squashing parameter and the e^, given by
0  = ()i^  ^ 0  -  ^  caP,  ^ 0  -  ^ (7.10a)
form an orthonormal b as is  for the round S0(8) in v arian t seven-sphere. 
The 1-forms and are  l in e a r  combinations of t - and Z i  » which
( 4 7 )
(7.10b)
are  l e f t  in v arian t 1-forms sa tis fy in g  the SU(2) algebra
= -  ( 7 1 .  r ?  , d r ,  - -  r . -  r ,  ,
plus cy c lic  perm utations, and are given by
^   ^ ^  -  H i
From (7.11) and (7.12)
(7 . 12)
(7.13a) 
(7.13b)
>
plus cy c lic  perm utations, which gives for the v ie lb e in  equations
d e ’ = C? , (7.14a)
d  e  - - g- -  g- A g  + 2 . <^o /^K g A e-' + &’a e- (7.14b)
d e "  = -  g "  -  eV  -  e ’A j2-' , (7 .1 4 0
together w ith those obtained by simultaneous cy c lic  perm utations of 
1 ,2 ,3  and 4 ,5 ,6 . I  now define the 3-forms
I -  J 5 I  3 2 *  <21 417 5 1 7  ^
E, + e  (7.15a)
E ,  H g " "  , " -^ 5 b )
and the 4-forms
y f X 6  7 1 5 5  7 4 -5 3  x S S é  î lé»* ,1 *5 " .
Q s  & ^  ^  -c -& -r 6/ + 6 -   ^ (7.16a)
^3? (7.16b)
Qz -  ^  .
G, and G;^  are dual, with respect to  the m etric -Zb'^(^b*^ on M?, to  E,
and when ^  = 1 and s a tis fy
(?, = 1  * E ,  ^ ^  ^  ^ z. (7 .17a ,b)
(1+9)
for the o rie n ta tio n  defined on M, to  be
*  I 1 3 I... 7
f  I ^ h  = 7( &  ^ (7.18)
I t  follow s from (7.14) th a t
olE, ~ ~ Gf, — 6  ^ BX, - ■"  ^ (7»19a»b)
and consequently the important re su lt
d<â, = O  , dCii = £> . (7 .20a,b)
I  now construc t F by (7 .5) using the  ansatz
(7 . 21)
SO the  Maxwell equation (7.8) may be solved fo r g, and g%. The 
11-dim ensional m etric i s  taken to  be
f  = -  t  V ' l p  V* '  s ' I "  ," <Xt, pt * /
(7 . 22)
where V% {V*,V*\s#~} i s  the f u l l  v ie lbein  on M^ x M?. The sca le  fac to r 
s governs the  sca le  of the seven-sphere with respect to  and i s ,  for 
the s ta t i c  so lu tion  being considered here, constan t. The Maxwell 
equation (7.8) y ields for F in  (7.21)
^  _5I-a['(^,+^, + 6 7i‘'^.)(t. + 6*] = 6g,G^(7.23)
which is  solved by
:c  ^  ^  A  ± ( (7.24a)
_ (7.24b)
This procedure i s  equivalent to  find ing  th e  r a t io  g ./g* which 
s a t i s f i e s  the du a lity  condition (7 .4 ); however in th is  form ulation the 
ex istence of a K illin g  spinor i s  not im plied. Eqn.(7.4) can be 
s a t i s f ie d  because th ere  e x is t independent 3-forms E, and E;^  such th a t 
dE, and dE  ^ are  l in e a r  combinations of *E, and *F&.
In the specia l case = 1/5, x = 6/5 the f ie ld  constructed from 
an *2 sa tis fy in g  (7.1) i s  reproduced, which is  constant in the  basis
(7 .9 ) so th a t
T, 7  1  ^ ^  E ,  (7.25)
in  a su ita b le  rep resen ta tion  of the Vm, . Although a covarian tly  
constant spinor e x is ts  for 7.* = 1/5, with |m|= ^  th ere  i s  no 
supersymnetry because not only is  the existence of an required  fo r 
some m but a lso  th a t  m = in my conventions and th is  cannot be
compatible w ith f  given by (7 .21 ). A s im ila r equation to  (7.25) does 
not e x is t  fo r A* = 1 because constant yj have not been found on the 
seven-sphere.
There i s  a t r i v i a l  interchange between l e f t  and r ig h t 
squashing{42,117} caused by pu tting  e*^-^ -e'^ in  equations (7.14) and 
(7 .1 5 ). This would change the sign of f  in (7.24b) but does not e f fe c t 
e i th e r  the existence of a so lu tion  or the lack of supersyirmetry. Since 
th e re  i s  some confusion in  the l i t e r a tu r e  on th is  point I  have 
included some notes on the m atter in Appendix C.
I  now look, unsuccesfully , for a s ta t ic  so lu tio n  of a l l  the 
equations fo r the squashed seven-sphere fo r an a rb itra ry  2- which w ill 
n ecessa rily  not be an E inste in  space. The E inste in  equation i s  given 
in  (3. 6 ) .  Summing over M in  (3.6) y ields
R = 1 F  =  (7.26)
A  M A / P f i ?  ~
and re in se r tin g  th is  in (3.6) gives
0 % _ /  p  _  „ (7 .27)
For a given degree of squashing the ansatz for F in  (7.21) has th re e  
constan ts  occuring ( f ,g , and g ,) .  Two of these are  fixed by the  the 
so lu tio n  to  the Maxwell equation (7 .24). The E inste in  equations (7.27) 
become, a f te r  su b s titu tin g  from (7.24)
R '.  = -  ' (7-28:)
(so)
(7 . 2 80 )
where a ,b  are  tangent space indices on m,n = 1, 2 ,3,7 and
u,v = 4 ,5 ,6  a l l  on M?. Anti-de S i t te r  space w ill s a tis fy  (7 .28a) for 
any values of g, , s and ^  ; so I  can take to  be an ti-d e  S i t te r  
space-tim e.
The ca lcu la tio n  of the Ricci tensor from the v ie lb e in  1-forms
(7.10) proceeds as in  appendix A and gives
r .  •  , 4 .  ( ' ■ Ï  ) ,  « ■ « «
Equating (7.28) and (7.29) gives
(7.29b)
For =1 (7.30) gives & /= 0 implying g, = g^ = 0. This might be
expected as another consequence of constant not having been found 
on the  round seven-sphere. The so lu tion  fo r = 1/5 i s  g& = g ,/5
(hence the form of (7 .25)) and g,*/s* = 1/5. In both these cases M7 is
an E in ste in  space. For 7[ > 0 th e re  are  no other so lu tio n s  to  (7 .30); 
so th e re  a re  no s ta t i c  non-Einstein space so lu tio n s  fo r the squashed 
seven-sphere. Although nothing seems to  sp e c if ic a lly  prevent them they 
do not e x is t .
I  now consider n o n -s ta tic  equations, which w ill hopefully give a 
more r e a l i s t i c  cosmological model, with a Robertson-Walker type m etric 
o f the form
^  ^  ^  ^  ^  2^ h ^  y   ^ (7 . 31)(j » «I on«(
where V*= d t ,  v‘ = rv** and the  squashing parameter is  now a lso  time
dependent: = /V (t). The 3-form p o ten tia l and 4-form f ie ld  must a lso
be made time dependent by making the c o e ff ic ie n ts  g, ,g . and f  time 
dependent :
A , = f . ( 0  + f j t )  , (7.32a)
F  -  j ( t )  S i .  t  y  ^ (7-32b)
(SI)
where jï_ i s  the volume element SL= = r^V^^v'^ =V*^  5 ^ . From
(7 .32) I  develop the Maxwell equation (7.8)
= W  G, -  + I  / ;  E, f  I; V°A , (7 . 33a)
F = 4,+ 6^, ilA  6 j+ ,%  [?/»., + ^ ,) + f. t ]  S i -  , (?-83b)
where X  = e ' "^ ,
(7.34)
s , )
The expressions (7.33) and (7.34) have to  s a tis fy  the Maxwell equation
(7 . 8) and fo r th is  i t  i s  necessary th a t  dG, = dG% = 0 because
otherw ise the  8 -form d*F would contain  5-forms on M^ wedged with
3-forms on M^ and such forms are not contained in  FXF. In fa c t dG, and
dGj are  zero from the property th a t dE, and dE% are l in e a r ly  
ex p ress ib le  in terms of th e ir  duals G, and Gz. This property, as shown 
by (7 . 19) , which allows so lu tions of the s ta t ic  Maxwell equations thus 
a lso  leads to  the existence of a time dependent F w ith components on 
M,,. and My which s a t i s f ie s  the id e n tity  dF = 0 (by construction) and 
has no My 5-forms in  d*F.
In se r tin g  (7.33) and (7.34) in to  (7.8) the  Maxwell equations are 
s a t i s f ie d  i f
+ 3  g isk  = , (7 . 35a)
^  ( îF â i )  ^ , (7.35b)
p à ( ^ V )  + ^  ^  •
(7 . 350)
j  ^  •
The f i r s t  of these i s  ea s ily  in teg ra ted  with respect to  time to  give
^  f . '  ^ (7 .3 5 a ')
From the E inste in  equations the follow ing conditions a r is e  where, 
as w ell as 7v ( t ) ,  the  v a riab le  u ( t)  = > ( t )  s ( t )  i s  introduced
i  (’? .  '  i C ’s S  - i  A  *  i  f ‘M '  ■
F  z F  + £ f r  r  * f *  = o  _ (7.36b)
q ^ ' - i g y s - 0 / 7 . 3 6 0
4  5  +i  ^ ^ é H (  -  g .  - i , 4 ) ^ x
where
-  f  -  -  M - )  ■ " - ^ ’
C alcu lation  of the Ricci tensor to  construct these equations is  given, 
as an example, in  Appendix A, Eqn.(7.36a) comes from the time index 
E in s te in  equation, (7.36b) from the ordinary space index equation with 
kj the  curvature for th a t space, (7.36c) comes from the seven-sphere 
ind ices m = 1 ,2 ,3 ,7  and (7.36d) from the seven-sphere ind ices 
u = 4 ,5 ,6 ; note th a t u ( t)  = A s ( t )  s e ts  the scale  of these v ie lb e in s  
and s ( t )  s e ts  the scale  of the 1 ,2 ,3 ,7  v ie lb e in s.
Eqns.(7.36) a re  of diagonal form because = 0 i f
This a r is e s  from the p roperties  of the forms E,,E%,G, and G^  which 
appear in  the F? p a rt of F. These p roperties  can be re la ted  to  those 
of the s tru c tu re  constants of the octonion algebra{69,117) and are  
e s se n tia l  for th is  form ulation.
I  have discussed in  some d e ta il  the squashed seven-sphere model 
w ith the forms E, and E ;. I  w ill la te r  consider several o ther models 
and su ita b le  forms Ej on other compact manifolds (where i  might take 
values from 1 to  7 and s t i l l  preserve d iagonality  of the Ricci 
te n so r) . However the search fo r these Ej has not been exhaustive, 
although extensive, and th ere  may be o ther forms which s a tis fy  the 
requirem ents.
One approach to  cosmological so lu tio n s , not th a t  considered in  
th i s  th e s is ,  i s  to  consider pertu rbation  from specia l so lu tio n s  of a 
simple type such as n o n -s ta tic  seven-sphere so lu tio n s  or even s ta t i c  
so lu tio n s . Page{68) has investiga ted  the  s ta b i l i ty  of s ta t i c  
so lu tio n s  both without and w ith a component F-, of F on My. With an Fy 
from >2 he i s  unable to  consider changes in the squashing parameter ? 
because of a lack  of F except when A = 1, 1/5. With the  F of
(7.32) now av a ilab le  for a rb itra ry  A a more general considera tion  of 
s ta b i l i ty  by Page’s method i s  possib le. One can use a m etric
(53)
» =  V ’< g > v°-z  v V v “ -  s Y x ^ /'Z  e”® e '  + 7iVAr)Z'e"(?)e“)(7 .3 8 )
u": i:;
where x denotes the coordinates of ordinary space-tim e. ( I t  i s  not 
im plied in  (7*38) th a t  V = d t ) .  Using the ansatz for F of the type
(7.21) or (7 . 32) with f ,g , ;g% now functions of x, a l l  the good 
p ro p e rtie s  of E, and E* play again, as in the cosmological case, and 
s ta b i l i ty  conditions can be formulated. This te s t s  s ta b i l i ty  against 
d i la t io n s  only. A more general method of te s tin g  s ta b i l i ty ,  but which 
i s  harder, is  to  look fo r dangerous eigenmodes of d if f e re n t ia l  
o pera to rs  on My. See Duff e t al{37) and D’Auria e t al(70}.
I can find  3-forms E^  fo r constructing  time dependent equations, 
analogous to  those fo r the squashed seven-sphere, for o ther models 
w ith an iso tro p ic  in te rn a l spaces. Some of these w ill be given la te r ,  
but f i r s t  I  sh a ll look a t the s ta t ic  version of one of these which has 
th e  in te re s tin g  fe a tu re , unlike the squashed seven-sphere, of giving a 
s ta t i c  non-E instein space so lu tion .
Consider the 7-dimensional coset space SU(2)xSU(2)xSU(2)/U(1)xU( 1) 
of D’Auria e t a l{70). The manifold i s  charac terised  by th ree  in teg e rs  
(p, , p^, p; ) which determine the topology by la b e llin g  the embedding of 
U(1)xU(1) in SU(2)xSU(2)xSU(2) and in te rn a l param eters(a ,b ,c) which 
determine the geometry and take on the ro le  of inverse scale  fa c to rs  
fo r the in te rn a l space. Adopting the  notation of r e f . (70) I  consider 
the  specia l case p, = p^= p^= 1 and a = b = c = 1 /s . The m etric i s
Or - V" - t  - Z 6'' 6'^ (7.39)
^ ari
and the  siebenbein obey the equations, with Sii the le f t- in v a r ia n t  
1-forms on G/H (see(4 .4 5 ),
c i 8 ’ = 6 'a  5 1 -' , (7Ma)
a s "  r  6 \  5 1 “' , a g '=  - 6 \  5 1 “' , ^  , (T-^Ob)
, a  8 ’ = -  8‘a 52-“” , &‘a (7.400)
6 " '  5  5 l . \  (7.40d)
Here w and s are  the remaining parsmeters of the manifold, which for 
s t a t i c  so lu tio n s  are  constant and fo r cosmological equations of the
Robertson-Walker type are functions of time. Defining 3 -forms
E, =  g ' "  + g " "  ^ g " ' ‘ ,  g ' -  (7.41a)
6 '"  -r g " ' \  (7.41b)
'  G, 5  f  i. g '* ’%  g ' ' "  .  . (7-428)
-  % =  J E j . '  -  (7.42b)
which, using (7 .4 0 ), y ield
a E , = 5  q ,  ^ a E j  = Cl,  ^ (7.43)
so th a t  E, and E^  f u l l f i l l  the necessary condition to  have so lu tio n s  
fo r the  Maxwell equations and also  to  permit a cosmological 
development, but in  a simpler way than in the  case of the  squashed 
seven-sphere. Looking fo r s ta t ic  so lu tions I  se t
(7.44)
where f ,g , and g  ^ are constants. Using th is  ansatz , ra th e r than 
Ay= g, E,+ g^E,, only amounts to  a resca ling  of the constants g, and g*. 
by fa c to rs  of s and w when dE, and dE  ^ are  as in  (7 .43). The Maxwell 
equation (7 .8) req u ires
and i f  f  X 0 , g, X 0 , g  ^ /  0 (7.45) requ ires 2wVs^ = 1, which i s  the 
condition  in  r e f . {70} fo r an in te rn a l E instein  space. However i f  
e i th e r  g, or g  ^ i s  zero th is  conclusion i s  avoided. Using (7.27) I  
f in d  the  R icci tensor
R \  -- ^ ‘ 0  . (7.46a)
R - . ‘
which can be equated with the r e s u l ts  in  r e f . (701 fo r M7
( S 5 )
(7 .47a)
R'" = s" . (7.47b)
46'f
I f  g, X 0; ga= 0 (7.45) only requires f  = 2/w and wVs* i s  not fixed . 
Equating corresponding terms in (7.46) and (7.47) for the Ricci tensor 
on My y ie ld s
-  I # ' )  "  jX  (  &  , (7.48a)
which can both be s a tis f ie d  by w  ^ = s^, g /=  4/w& or 7w  ^ = s*,
g, -20/49W*; e ith e r  of which i s  a s ta t ic  non-Einstein in te rn a l space 
s in g lin g  out the  m = 3 tangent space d ire c tio n , the r a t io  w/s giving 
i t s  s iz e  r e la t iv e  to  the other d irec tio n s . Although the space i s  not 
E in s te in  i t  i s  s t i l l  Ricci diagonal. Obviously the l a t t e r  so lu tio n  i s  
un physica l. Ordinary space-time is  again an ti-d e  S i t te r .
For the o ther case g, = 0, g^ /^  0 (7.45) req u ires  f  = 4w/s* and w is  
not fix ed ; the  conditions corresponding to  (7.48) are  solved by 
w^/s^ = -3 /4 , gji*= 5/s* -  which is  also  un physical.
The cosmological equations can be developed, as fo r the squashed 
seven sphere with Ay= g ,(t)E , + g^(t)E z. These equations w ill be given 
l a t e r .  There are  non-Einstein space so lu tions with both g , ( t )  and 
g i ( t )  non-zero.
I  have looked a t  two cases where the Ei have been chosen to  
s a tis fy  the  Maxwell equations and then proceeded to  try  and solve the 
E in ste in  equations. I  now derive the conditions on E; for th i s  to  be 
so. For s im p lic ity  I  assune th a t the scale  fa c to rs  fo r each d irec tio n  
in  My are  equal, although the r e s u l t  is  more generally  v a lid . Let the 
Ei be l in e a r ly  independent 3-forms on My which can be w ritten
E i = I  k A t  , (7.49)
where a^^ are  constants, or functions of y only, and b ,p = 1 , . . . ,7  an 
orthonormal b as is  of 1-forms on My. The ansatz for the p o te n tia l A? 
and fo r  F i s
/ ^ i  -  t % M )  Ei , (7.50a)
(56)
F  - ^ ( 0  -t ol Ay (7.50b)
so th a t
(7.51)F = + t i Y \ S i  f  
F a F  = £  z^ i,s> -^ â e i +■ z . Z f . f .  v V E i   ^ c\e^. ' 7 . 5 2 )
* W
Using th e  r e s u l ts
*•( V"a £;) - s V A f £,■  ^ (7.53a)
*-olfi = A J^ A » cJé; (7.53b)
d *  c lÉ ; = j -  51-a E j 
I  f in d
(7.53c)
% F  r  -  I  J L  +  Z  5 ji V-' A  î  £ i * Z  f i  ik olfci , (7.54)
j  * F  T + J j t  .51.^ ^ £ ;  (7.55)
-  Z  s » ;  V “ ^A a  ? £ i  +  r  I  ^  ï  E ,  .i  ^ i «>
The Maxwell equation (7.8) i s  s a tis f ie d  by (7.52) and (7.55) i f
d £ i  = J  C,j * £ j (7.56)
where c^ j a re  constant c o e ffic ie n ts , det(c) /  0. This i s  tru e  even i f
the  a re  functions of y, however the c^ w ill be d if fe re n t.  A
consequence of (7.56) is
E )  = ^  • (7.57)
This i s  equivalent to  dGj = 0 .
The conditions a r is in g  from the Maxwell equation are
rz f  '  f  -- E> , , (7.58a)
+ % r S  =  ( P .  (7.58b)
When the  7-space is  an iso trop ic  these expressions become much more 
com plicated; fo r instance g ,/s  in (7.58a) is  replaced by where
djj i s  some constant and (T(s„) a function of the scale  fa c to rs  s*^  of 
weight 1, Eqns.(7.35) are  a sp ec ific  example of the more general 
formulae in  the case of the squashed seven-sphere. In p rac tice  the c^ 
were not ca lcu la ted  e x p lic itly  but re su lts  obtained d ire c tly  from
(7.52) and (7 .5 5 ). Note th a t (7.58b) can be straigh tforw ard ly  
in teg ra ted  w ith respect to  time whereas, in general, (7.58a) cannot.
The o ther requirement demanded of the E) is  th a t  they give an F 
which y ie ld s  a R icci diagonal space in (7 .27). There are  7 / /4!.3! = 35 
po ssib le  Ei which might sa tis fy  (7.56) on some manifold My but these 
a re  r e s t r ic te d  to  a choice from 7 when I requ ire  ,
which can be w ritten
, 3^' I 32* I I sxy . <37
^ , b  ^ h b  ^ b  ^ h  (7.59)
These correspond to  the indices for non-zero octonion s tru c tu re  
co nstan ts  and are  thus re la ted  to  the A f ie ld s  giving p a ra lle l is in g  
to rs io n  on the  seven-sphere{42,71}. The choice (7.59) together with 
(7.56) ensures a Ricci diagonal space. The indices in  (7.59) can of 
course be re lab e lled  in  many ways by cy c lic  perm utations.
The time dependent equations for the squashed seven-sphere are the 
Maxwell equations (7.35) and the E instein  equations (7 .36). Note th a t 
not a l l  the E inste in  equations are independent. What now follows i s  a 
catalogue of the  models I  studied with th e ir  time dependent equations. 
To recap, I  am dealing with the m etric
9 =  V “ ®  v "  -  z  - Z  6 "  6 "  ( 7 . 6 0 )4 A. fn- *
where
v ’ - . d h  , ,  S "  -  S „ ( k )  y  . (7.61)
The 4-space i s  an ti-d e  S i t te r  or de S i t te r  in  a l l  models. The
procedure i s  as follow s. F irs t ly  a basis  was chosen from the  l e f t -  
in v a rian t 1—forms Si} on G, from which the b a re  taken (see chapter 
IV). The R icci tensor was then calcu la ted  by Cartan’s moving frame 
method (see Appendix A) and fo r the time and ordinary space d ire c tio n s
i s
+ ' (7 .62a)ra
(7.62b)
where some, or a l l ,  of the may be equal. The constant kj is  the 
curvature  of the 3-space. The equation for the My d ire c tio n s  v aries  
more w ith the topology of My and is
R"* = L  ÉS + r  lA jS p )  -+i  ^  r  , (7.62c)
n. ^ r Sm 3 ,+^ Sa
where Hq. i s  a function of the Sp of weight -2 . The E j, 3-forms on My, 
are  then chosen subject to  the conditions of th is  chapter, leading to  
the  construc tion  of A-y and F by (7 .50). The Ricci tensor can then be 
ca lcu la ted  from th e  E instein  equation (7.27) and equated w ith (7 .6 2 ). 
F can a lso  be su b stitu ted  in the Maxwell equation (7 .8) and the 
cond itions a r is in g  from th is  found, as fo r the seven-sphere.
MODEL 1 : Squashed Seven-Sphere j ’ .
The equations fo r th is  model are given in (7.35) and (7 .36).
MODEL 2: Seven-Torus T^.
{_% 2},i=1,...7  is  a basis  of le f t- in v a r ia n t  1-forms for T  ^ and the 
S i^  obey
(7.63)
the  space having only abelian U(1) symmetry. Eqn.(7.63) leads to  
spec ia l fea tu re s  for th is  model. The Ricci tensor i s  (7 .62a,b) and
^  I 5m ^  r  3m (7.64)
m  Z  S m  ^  r S m  •
The H ^ ( S p )  terms being zero due to  the f la tn e s s  of f . The are  
chosen
6 " =  ,  5 ^  3X.' 5 '" ;  (7.65)
and the  E,- chosen
£ , .  I - ,  E . .  t “ :  E . . r ,
( f V
G.= ft.- r /  ft, - ft, - g . - r ;  <5. - 1 “”  c 7 , - r :  (7.6?)
Because of (7.63)
= 0  = d  Q , V 'i  ^ (7.68)
which gives a special form for dAy
olAy = Z  %  V \  . (7.69)
Fy can be constructed from dAy in  the usual manner but, because
dbT = 0 th e re  can also  be added a term Z  1* G; so
F = I  + tiA , + Z l G i i  . (7.70)'  i
This s a t i s f i e s  the id e n tity  dF = 0 i f  the 1, are  constant. Note th a t
Ej A  Ej "» -  Sjj S \ .  ,  ^  ^  Ei A  ^  /\ Qy S -'7 (7.71 )
In troducing  the notation
sf = s^s,Sp where m,n,p are the ind ices in E j, (7.72a)
Si*^ = s ^ s ^ S p w h e r e  m ,n,p,q are the ind ices in G*, (7.72b)
s’ = / / s ^ .  Eg. s /  = SgS^s^, s /  = SyS*SiS<, (7.72c)
rn»i
th e  E in s te in  equations are
R ' . - 5  ' i
r:  ■ -  H i -
where 2T ( Z  ) are  suns over the indices m fo r which the E;(Gj)
con ta ins if  .^*The Maxwell equations are
-  Z  à i ;  =  <9 , (7.74a)
(60)
f .  -  -  % ( H  *  l i ( l ’) )  -  P j ÿ  . (7.74b)
MODEL 3: The Coset Space SU(2)xSU(2)xSU(2)/U(1)xU(1).
{^  , i=1,2 ,0 ,4 ,5 ,Cf,6,7,tf are a basis  of l e f t - invarian t 1-forms 
and obey the Maurer-Cartan equations (7.40) with the G in v arian t 
v ie lb e in  given by
8 ‘ = 5 -XL' , 2 = 1 ,  z  , (7.75a)
6 ' ' .  u  S l j ' , 2 '=  4 ,  g . (7.75b)
= V- S l J ,  ^ ^  , (7.75c)
6 ' = Y/ (  p, S l S ■+ 5%.°' -r P, 3%'" )  = W-SZ? , (7.75d)
where the in teg e rs  p , , p^, p^  define the topology{70}. The Ricci tensor 
i s  (7 .62a,b) with s,  ^ tak ing  the  appropriate  values from (7.75) and on 
My
> (7.76a)
R', = <R\ -  i f  (7.76b)
R a n d  R^ d = R^  y are obtained by the  transform ation 
(s ,u ,v ,p , ) - ^ ( u ,v ,s ,P t ) - 5 ' (v ,s ,u ,p g ) . A choice of E\ i s
E, = b '" ' + b* '*  b ' "  , (7.77a)
E ,  -  b " '   ^ E ,  = b " '  , b " '"  (7.77b)
with Gj = *E;. E, w ill only s a tis fy  dE, =3 *E, i f  p,= p^= p,= c or
g, = g, = 0. I f  I  take the former case no tice  th a t the = P, = 0
cose t manifold s \  S^x S^  does not permit a time dependent formalism.
The E in ste in  equations are
R°« ■ -  6 -  C -  7 2 - Z H  -  f -  f   ^ (7.78a)
R*„= J * [ - f +  I  " I ' I ' I ' x ]  , (' •^^®*’’
(61)
(7.78d)
(7.78e)
(7.78f)
^  f  %A - B -  c  -  K + 4-w -  r  _ T  _ < 1   ^ (7 .78c)
- ^ 1 ' ^  " I  - Z  y - K ]  ,
R ^  = ^  "*"H -r J  J  -  ^  'j
where
^  g&y'- ^  ^ ^   ^ ^  V (7.79a)
7 = (f^iy T  = t  P' I '* /  K = (Px%v*P,5))!(7.79b)
The Maxwell equations are
- l^ ( ^ s W w ) =  i  8 )) -r Pz ^ ^  f  P, P, 7 .80a)
- #  ' (7.80b)
P.îv) - (P.%+P.  %)Ps 0  -(P,f.,P,9,)|0'/7.80C)
'- ’ 8 % ) .  (8, % + P, %) ^  -  (P.^, t  P,k) « 0 .  (7'80d)
/ 3 i 7 ^ ^ )  = |C ’-3i^p.3-3) -  (7-80e)
Note th a t  (7.80b) only app lies i f  c = p, = P& = Pj. Eqn.(7.80a) can be 
in teg ra ted
^  9^ LZ W dr % ^ X  ^  ^  ^3 ff  (7 .80a ' )
MODEL 4; The Coset Space SU(3)xSU(2)xU(1)/SU(2)xU(1)xU(1).
{ 5 i i} ,i= i ,2 ,3 ,8 ,4 ,5 ,6 ,7 ,3 ,1 ,2  J  are a b asis  of le f t- in v a r ia n t  
1-forms fo r the cotangent space of G. S e tting
y ^ =  d t ;   ^ y '  = r  (y .s ia )
g« = s^'' = S t* , A  - h , 5 , 6 , y ,  (7.81b)
(62)
5 - i/t __ri- = o  ^ = I  ^  ^ (7.8lc)
8^ = v ( / 7 p , 5 L ®  + Pi S l J  -, XPj ^  ) '  VSZ,^.- /  (7 .8ld)
where again >Pz>Pj define the topology of p a r tic u la r  embeddings. The 
R icci tensor i s  (7 .62a,b) and on My
•  B ' - ¥ ‘ / . ‘ ' i U ~ U i - d ) , "•»==■>
« ' r  R‘ .  ■ i  #  -  ë - ‘ '  -I B  ’  è ( i #  ' 3 #  ' K ) ,
A choice of Ej ,Gj is
E | = , E l  = (  b + b )  A L , (7.83a)
(3,,= , (ft^  = b ' \  ( b " ^ +  b " ' )  (7.83b)
re la te d  by
c)fc, ^  ^  C j j ^  , d E j  = Sp, ft, -  Pi G j . (7.84)
The E in ste in  equations give
p .  • Î Î ( - t ‘ - . ÿ .  •  ^ - Î  ' ÿ  , n - K ' )
c -  i f f e M -  -  # .  - }
c -  ' 1 ' ^ '
C  ■ S ' f e f ' A -  -  j l .  ’  # '  - ' .» .) ■ )H I
The Maxwell equations a re
(7.85b)
(7.85e)
i  ■>■ I  P . % %  ^  P, 9-, %  -  Pi %  &3 = O  (7.85a)
(6S;
"  X  -  i  f  , (7.86b)
r À i ^ ' S  )  '  + 1  u V  _ ^  (3g
Eqn.(7.86a) can be in teg ra ted
^  P, 9"z -  -  o o n s ï o ^ , ( 7 . 86a ’ )
I  sh a ll  now consider two models in  which My i s  a coset space only 
in a t r i v i a l  sense ( ie . H = 1). The reason fo r considering these 
models w ill  become c le a r  l a te r .  Because H = 1 the le f t- in v a r ia n t  
1-form s on G can be taken as the v ie lb e in  1-forms.
MDDEL 5 : s '  X X ^ , , x  S,^,.
I f  {.S5.‘ } ,i= 1 , . . .  ,7 are le f t- in v a r ia n t  1-forms on S 'x S^x S^ ’x S”' 
the  v ie lb e in s  on My can be taken to  be
8 ’ = S S U   ^ 6 "  = IX. S i S   ^ ^  2 , (7.87a)
g ” ' .   ^ S lS ' j rx ' - 3, 4 , B" * W-ST-”  , n+%s,6. (7.87b) 
The Maurer-Cartan equations are
d = C7 . à\p - O  db 7= l s 2  b A t  (7.88a,b;C)(p )
where i s  a coordinate on s j , , .  The p a irs  of indices ( 3 , 4 ) , ( 4 , 5 )
reproduce (7 .87b ,c )  with appropriate changes of ind ices. The Ricci
tensor i s  as (7 .62a,b) and on My
(7.89a)
& )  . (7.89b)
given by (7 .89b) with the perm utations (u ,v ,w )-^  (v,w,u) 
—> (w ,u ,v ). A choice of E j, G; is
E, - b^  ^  ^ E;u " ^   ^ , Ej = b^ ^^   ^ (7 .90a)
4 ,  = b " "  , ’  W ' "  , Q ,  -  L " "  (7 .90b)
(6¥)
R \  = i f -h H jXIX
R " „ = i'Ê  ^ 1^ 3 + i r7 X
(7.91)
which s a tis fy
cl E j  ^  9  = (ft,- V Ï
The E in ste in  equations are
R'.‘
R”!  -  % -k» ^ ■ A :
The Maxwell equations can a l l  be in teg ra ted  because of (7.91) and are
*
" J .
(7.92c)
(7.92d)
(7.92e)
(7 .92f)
S i o ’’ v'- w"-  = (7.93a)
A v j _ v Z r ’ = c  Z , (7.93b)
^  5  M. ^
& -  c z  , (7 .9 3 0
?2 3  V ^
A iV v O r^  = c  4  , (7.93d)
where c1, c2, c3 and c4 are constants.
MODEL 6: s 'x  x Sj[y.
I f  { j% ]} ,i= 1 ,...;7  are l e f t  invarian t 1-forms on s 'x  S^x the
v ie lb e in s  can be taken as
7  -r
B = S S I-  , (7.94a)
8"* = H S S  , M = I, z ,  3 , (7.94b)
g"*' = Y S i S  , 4 , 5^  ,  ft . (7.94c)
(6 5 )
The Maurer-Cartan equations are  those of U(1)xSU(2)xSU(2)
d b ’ -  O   ^ (7.95a)
d  b ' = b"'A b^ . d b ^  '  b^A  b  d  b^ " b \  (7.95b) ' * )
d b ^  = b^A b  ^ ol b^ = b A b , d  b - , (7 .95c)
The R icci tensor is  as (7.62a,b) and on My
, (7.96a)
i  ^  "  I  ^  ^  ( è  f  - ^ 4 )  . (7.96b)
the  equation for R”^. i s  obtained from (7.96b) by interchanging u and 
V.  A choice of E j, Gj is
E ,  = k " '  E ,  = , (7 . 97a)
, _ , U37 (7.97b)
Gf, - b  , ° k  ^
s a tis fy in g
o ie  i = 9  -  c) (?,  ^ i  = O z . (7.98)
The E in ste in  equations are
R \  = " à  ~ h )  , (7 .99a)1 " -
lA *
K«A* V *  /
. z L 2 '
-+. &
»!
. L . 2
(7.99b)
(7 . 990)
(7.99d)
\  (7.99e)
R \ -- z f l i ^ ' h  .
The Maxwell equations can be in teg ra ted  because of (7.98) and a re
(i6)
= C l ,  (7.100a)
 ^S 3 * 0 ^ ^  (7*100b )
. c3,  < ' • ’ " « >
where c l ,  c2 and c3 are constants.
(éz ;
C hapter H U  TIME-DEPENDENT SOLUTIONS DE Û-11 SUPERGRAVITY
In the  la s t  chapter I  derived time dependent equations for several 
models of d=11 supergravity  with components of the 4-form F on both My. 
and My w ith c o e ff ic ie n ts  functions of time. I  now give so lu tions. In 
most cases these have to  be numerical or approximate but th ere  are 
some exact so lu tio n s  for special cases. I w ill f i r s t  give some exact 
so lu tio n s , then some discussion of other so lu tions from 
r e f s . {72,73,74 ,75,76,77,78} and my own work, and then so lu tions of the 
models described in chapter VII. The o r ig in a lity  of the approach here 
i s  the  a b i l i ty  to  put a time varying Fy on My, and by th is  not requ ire  
My to  be an E in ste in  space, even when no covarian tly  constant spinors 
e x is t .  I  then se le c t so lu tions th a t give possib le cosmological 
behaviour fo r the early  universe in terms of an in fla tio n a ry  period 
w ith a la rg e  expansion of the scale  parameter r ( t )  fo r the ordinary 
dimensions and a constant or decreasing sca le  fac to r s ( t )  for the 
ex tra  dimensions. I  showed in  chapter VI th a t  such a dynamical 
com pactification  can occur for non-supergravity models. Here I  show 
th a t  i t  can occur in more r e a l i s t i c  models w ith the m atter f ie ld s  
sp ec ified  by supergravity  and perhaps with a more r e a l i s t i c  gauge 
group. I  id e n tify  the conditions required fo r in fla tio n a ry  behaviour.
The f i r s t  cosmological so lu tion  of d=11 supergravity  was by 
Freund{67}. Consider a m etric
5^=: V*'® V""- (8 .1)* a-i 2''**
fo r a product space R‘ x MjX My with curvatures k , , k y  respec tive ly  for 
the iso tro p ic  spaces M3, My. The Ricci tensor for such a space is  given 
by (7.62) with s* = s fo r a l l  m and H  ^ =ky/s‘ . For F given by the  
Freund-Rubin ansatz
F = | ( k )  -T l- (8 .2 )
th e  E in ste in  equation (7.27) gives
C ,  ( 8. 3a )
(69)
R \  = f  , (8.3b)
, (8 .3 0
and the Maxwell equation (7 .8 ), which can be in teg ra ted , gives
= O ; ^ 5 %  i  (8 .4)
Note th a t  a l l  the models in  chapter VII reproduce (8.3) and (8.4) in
th e  sp ec ia l case g-, .= g; = 0 , s,.^  = s, V m. Freund{67} gave two
so lu tio n s  to  (8 .3 -4 ):
1) r  = r , t ,  s = s* t^ , f  = J ^ t \  k j  = -g  r / , ky = 0. In th is  case My 
i s  f l a t  ( ie .  lo c a lly , though not n ecessa rilly  g lobally , a maximally 
symmetric to ru s) and Mg a pseudosphere.
2) r  = n, cos( X t )  (or s i n ( * t ) ) ,  s = co n stan t, f  = co n s ta n t,
f^= 36 o<* , ky o<* s**, k j = , My i s  s t a t i c  and compact.
There a re  no power law so lu tions o ther than (1) except r  = r®t, 
s = s^ t which fo rces f  = 0 and k  ^= -r^ \ ky = - 9s*'/2 which is
unacceptable. More disappointing i s  the absence of so lu tions of the
form r  = r© e***^ , s = s, e where X  and ^  are constants. G leiser e t 
a l {77} point out th a t so lu tions of the type (2) e x is t  when an Englert 
type F7 f ie ld  (7 . 3 ) i s  included, the re la tio n s  between x ,  f  e tc . 
having d if fe re n t c o e ffic ien ts . However th e ir  g en era lisa tio n  of 
so lu tio n s  of type (1) is  in consis ten t, as was pointed out by Lorenz- 
Petzold{75}.
Alvarez{73} takes F of the form (8.2) and reproduces (7.62) and 
( 8 .3- 4 ) and takes the p a r tic u la r  values kg = - 1, k? = 1 ( ie .  open M,^  
and closed My). Introducing tr.e v a riab les  <9 , = r / r ,  (9;^= s /s  he 
notes some l im its  ( i f  (9, and are bounded):
1) r-^o^y s-^po . The system can be completely analysed in  terms of <9, 
and • However th is  l im it  i s  unphysical.
2) r -^ 0 , "y (9, > 0, ^  < 0.
3) y s->0; < 0 ,  ^  > 0.
I  l a t e r  confirm findings (2) and (3) for sp ec ific  cases of asymptotic
so lu tio n s . I f  r^'^t , s-^ t  , n,m > 0 then (9, < 0, ^  > 0; i f  n,m < 0
then 9, > 0 , <% < 0 . Alvarez{73} performs some numerical
c a lc u la tio n s , which are a special case of my own work, and concludes
th a t  fo r F as in  (8.2) th e re  is  not a non-singular so lu tion  with
dynamical com pactification . This i s  not e n tire ly  c o rrec t. R ef.{73}
considers, w ithout physical ju s t i f ic a t io n ,  in i t i a l  values for the 
sca le  fa c to rs  and th e i r  time deriva tives which d if fe r  by several 
o rders  of magnitude.
The universe i s  iso tro p ic  on a large scale today but need not have 
been near some i n i t i a l  s in g u la r ity . I  assune i t  was and consider only 
Robertson-Walker type cosmologies. Lorenz-Petzold{75,76} and Demaret 
e t  al{72} have more recen tly  looked a t more general so lu tions fo r 
which are products of a Bianchi type space and a seven-space 
described by the m etric
- dt' -»■ a(t) V'® v' -r .(8.5)
n
Demaret e t  al{72} reproduce the Freund{67} power law so lu tion  
(a=b=c/~t, s -^ f^ ) , and find  a gen era lisa tio n  of i t  (a -^ t, b^^t^,
a ^
S'^ t  ) in which the indices are  constrained by a lgebraic  
r e la t io n s ,  for F = fSl  and a seven-torus for the ex tra  dimensions. The 
method of so lu tion  of r e f . {72} i s  d iffe re n t to  my own. They use what 
they c a l l  ’Bianchi techniques’ {79} which requ ire  sp a tia l sec tio n s ( ie .  
MgX My a t  a fixed  time) to  be 10-dimensional group spaces. This 
obviously excludes coset spaces for the ex tra  dimensions, however they 
express some hope of extending th e ir  methods to  include them. Due to  
th e  ac tua l form of th e ir  m etric my re su lts  and th e ir s  are not always 
e a s ily  comparable, sometimes requ iring  n o n -tr iv ia l transform ations of 
the time coordinates to  make = d t; however they give no 
in f la tio n a ry  so lu tio n s .
The Lorenz-Petzold{75,76} approach is  s im ilar to  my own but only 
considers the seven -sphere(ÿ ) or seven-torus(T’ ) for the ex tra  
dimensions and the f ie ld  F given by the Englert ansatz (7 .5 ) . However 
r e f s . {75,76} do give new an a ly tic  so lu tio n s , av a ilab le  due to  the 
ex tra  freedom of (8 .5 ) , including a special case of a Bianchi so lu tion  
the  Robertson-Walker so lu tion  of Freund{67}. The concentrating  on new 
does not s ig n if ic a n tly  improve the cosmological behaviour.
F u j i i  and Okada{74} consider time dependent equations when M? is  a 
round or squashed seven-sphere without to rs io n  and a round seven- 
sphere with Englert torsion{117}. For the case of the seven-sphere 
w ithout to rs io n  they consider a squashing parameter X which depends on 
tim e. The approach of r e f . {74} i s  very much to  look a t the theory from 
the  4-dimensional viewpoint, performing conformai transform ations 
(Weyl re sca lin g s) to  give the standard d=4 E in ste in -H ilb e rt action  as 
th e  f i r s t  term in the action density .
(t o )
I  now describe a numerical method fo r solving the equations of 
motion, i l lu s t r a t in g  i t  with the p a rtic u la r  example of the seven- 
sphere described in  chapter VII before going on to  d iscuss p a r tic u la r  
fe a tu re s  of the various models. The 4-form F is  constructed as in
(7 . 21) from the 3-forms E ,, Ej given in (7.15) giving, a f te r  
su b s titu tio n  in  (7.8) the Maxwell conditions (7 .35). Equating the 
R icci tensor calcu la ted  from the curvature with th a t given by the 
E in ste in  equations gives (7 .36). This gives a system of seven 
equations w ith s ix  unknowns. However a l l  of (7.36) are  not independent 
due to  the  Bianchi id e n tity  (D T„^ = 0) and so I  can su b s titu te  for r , 
s and Ü from (7 .36b ,c ,d ) in to  (7.36a) to  obtain the condition
rs
rw
I f  th i s  i s  s a t i s f ie d  a t  any time the equations of motion w ill ensure 
th a t  i t  i s  s a t is f ie d  a t  a l l  times. Eqn.(8.6) obviously imposes 
r e s t r ic t io n s  on the values a l l  the parameters can take in  a numerical 
c a lcu la tio n ; i t  was imposed as a condition on the i n i t i a l  values.
Eqns.(7 . 36b ,c ,d )  and (7.35b,c) were rearranged to  give second 
order d if f e re n t ia l  equations fo r r ,  s’, u, g , , g* respec tive ly  in terms 
of r ,s ,u ,g ,  ,g t and th e ir  f i r s t  time d eriva tives and f .  I n i t i a l  values 
were chosen fo r r , s ,u ,g , , g ,  and th e ir  f i r s t  time d e riv a tiv e s . 
Eqn.(8 .6) was then used to  ca lcu la te  f ,  for a sp ec ific  value of k^, 
usually  kg = -1; thus giving the constant in  (7 .3 5 a ') .  The system was 
then num erically in teg ra ted  (see Appendix B) with respect to  time. 
Since th ere  i s  no equation describing the time evolution of f  once 
(7 . 35a) has been in teg ra ted  i t  was reca lcu la ted  a t  each s tep  using 
(7 .3 5 a ') .  In some models the equivalent equations to  (7 .35b,c) can be 
in teg ra te d  exactly  and in  these cases they are tre a te d  in  the same way 
as (7 .35a),
One of the d i f f ic u l t ie s  in studying these models i s  the  la rg e  
number of i n i t i a l  conditions which have to  be chosen, ten in the case 
of the squashed seven-sphere. A fter prelim inary s tu d ies  I  decided to  
se t the modulus values of the scale  fa c to rs  r  and s and th e i r  time 
d e riv a tiv e s  equal to  one. Choosing, say, r  >> r  e tc . changed the  
i n i t i a l  shape of the curve of the scale  fa c to rs  w ith time but did not 
q u a li ta t iv e ly  change the behaviour. The g j , g-, and f  were chosen in
various ways suggested by the forms of the equations to  show the
e f fe c t  of the d iffe re n t terms. Innumerable re su lts  could have been 
produced, many were; what follows i s  an i l lu s t r a t iv e  se lec tio n . I  do 
not address the  problem of how the in i t i a l  values arose out of 
whatever ex isted  before.
T ab le ts .1)
I n i t i a l  values for so lu tions of the seven-sphere.
a" f 8. Sz ê. èa L / è . Graph
1/5 28.69 0 0 0 0 — f i g . (8 .1)
1/5 12.30 0 0 0 0 - f i g . (8 .2)
1/5 12.30 0 0 0 0 - f i g . (8 .3)
1/5 0 0 0 2.08 0.42 1/5 f i g . (8 .4)
1/5 0 0 0 2.08 0.42 1/5 f i g . (8 .5)
1/10 0 0 0 3.56 3.56 1 f i g . (8 .6)
F ir s t ly  I  w ill  look a t so lu tions for Model 1. Table(8.1) contains 
the  i n i t i a l  values for the scale fa c to rs  and f ie ld  c o e ff ic ie n ts  for 
the  graphs p lo tted  in  f i g s . (8 .1 -6 ). A study of these and o ther 
so lu tio n s  together with (7.35,36) reveals c e r ta in  fea tu res  of the  
system. All the graphs show th a t a t some c r i t i c a l  time t ,  there  is  a 
s in g u la r ity  in the so lu tion  with r-^0, s -î-pC^ , although the behaviour 
before the s in g u la r ity  is  very varied. I f  g , ,8 i ,g , ,g ,  = 0 in i t i a l ly
then th i s  i s  so fo r a l l  time by (7.35b); th i s  being the case in
f i g s . (8 .1 -3 ). F ig s .(8 .1-5) i l lu s t r a te  the so lu tio n s  with = 1/5.
The so lu tio n s  w ith = 1 are q u a lita tiv e ly  the same with regard to  r 
and s. In f ig .  (8 .4) th e re  is  a break in the l in e  for r ,  th i s  i s  
because the scale  is  in su ff ic ie n t to  c lea rly  show r  dropping rap id ly  
from 1.97 to  0.14 and then r is in g  sharply to  2.83 before the f in a l 
descent to  the s in g u la r ity . For = 1/5 i f  gz/gi = ga/gi = /V*" (even 
i f  gjL = g» = 0 i n i t i a l ly )  the  value of a* is  maintained fo r a l l  t .  
This i s  to  be expected because when -  1/5 eqns.(7 .35b ,c) are  the
same, as are (7«36c,d). In the case of a.*” = 1 th is  value w ill be
m aintained only i f  g, , 81, 8, ;8 i = 0* I"  o ther cases A i s  not
(7 z ;
constan t, how i t  v a rie s  depending on a l l  the other parameters 
involved. In the case of f i g . (8.6) = 1/10 in i t i a l ly ,  th is  value
decreasing u n ti l  near the f in a l s in g u la rity  and then increasing  again. 
Often changes slowly u n ti l  near the s in g u la rity  and then changes 
rap id ly .
Tab le ts .2)
I n i t i a l  values for so lu tions of the seven torus,
r s kg f g Graph
1 1 -1 /2 26.38 0 fig . 8.7)
1 -1 /2 4.9 0 fig . 8.8)
1 -1 /2 4.9 0 fig . 8.9)
1 -1 /2 4.9 0 fig . 8.10)
1 -1 /2 17.66 0 fig . 8.11)
-1 /2 26.38 0 fig . 8.12)
1 1 -1 /2 18.65 7.05 fig . 8.13)
1 -1 /2 3.47 1.31 f ig . 8.14)
1 -1 /2 3.47 1.31 fig . 8.15)
1 -1 /2 3.47 1.31 fig . 8.16)
1 -1 /2 12.49 4.72 f ig . 8.17)
-1 /2 18.65 7.05 f ig . 8.18)
1 1 -1 /2 0 9.97 f ig . 8.19)
1 -1 /2 0 1.85 f ig . 8.20)
1 -1 /2 0 2.22 f ig . 8.21)
1 -1 /2 0 1.85 f ig . 8.22)
1 -1 /2 0 7.24 fig . 8.23)
-1 /2 0 9.97 f ig . 8.24)
1 0 6.93 0 fig . 8.25)
1 0 6.93 0 fig . 8.26)
1 1 0 0.06 10.14 f ig . 8.27)
1 0 0.15 2.62 fig . 8.28)
1 -1 0 0 fig . 8.29)
1/ 2 1/ 2 -1 /2 0 0 fig . 8.30)
{13)
i f  f  = 0 i n i t i a l ly  i t  w ill not remain a t th is  value as time 
progresses unless g , , g i , g , = 0 (by (7»35a') which is  incompatible 
w ith my choice of i n i t i a l  values for the scale fa c to rs  and th e ir  time 
d e r iv a tiv e s . Comparison of f i g s . (8.2) and (8 .4 ), where f  /  0 from 
t  = 0 in f i g . (8 .2) whereas f  = 0 in i t i a l ly  in f i g . (8 .4 ) , i l lu s t r a te s  
th e  e f fe c t  of the f  term. The curves are d iffe re n t but the  u ltim ate  
f a te  of r  and s i s  the same, in each case a study of the re la t iv e  
e f fe c ts  of the various terms in the equations of motion show th a t th is  
i s  due to  the  f  term. As t - ^ t ,  the f  term becomes smaller and 
approaches zero as s-^o^^. The f in a l  behaviour for th is  model seems 
unavoidable, even for cases such as f i g . (8 .5) where the behaviour 
looks promising a t  f i r s t  due to  the  p a r tic u la r  choice of i n i t i a l  
values.
The so lu tio n s  of the seven-sphere are obviously not compatible 
w ith in f la tio n a ry  cosmology. I  now consider Model 2, where M? is  a 
seven-to rus, in the special case when a l l  the ex tra  dimensions are  
tre a te d  equally  ( ie .  s^ = sVm, gj = g V  i)  and li = 0. In th is  case 
the  4-form F i s  given by
( 8 . 7 )
where E = Z" E j , and the condition which the i n i t i a l  values must 
f u l f i l l  is
. z
( 8 .8 )
The E in ste in  and Maxwell equations are given by (7-73-74). Notice th a t  
g does not appear anywhere in the equations of motion; th i s  w ill  lead
to  spec ia l e f fe c ts .
The i n i t i a l  values fo r several computations are shown in 
ta b le (8 .2 )  and the so lu tions graphed in f i g s . (8 .7 -30 ). Again the  
so lu tio n s  shown are a rep resen ta tiv e  se lec tio n . They can be divided 
in to  ca teg o rie s . The f i r s t  category, f i g s . (8 .7 -1 2 ), ex h ib it cases 
where g = 0 i n i t i a l ly  and by (7.74b) for a l l  time. For these so lu tio n s 
F = T5L i s  e n tire ly  on M,^  as in the case of Freund{67). Despite the 
v a rie ty  of i n i t i a l  conditions, as t  becomes la rg e r  there  are  only two 
types of behaviour. There is  th a t of f i g s . (8.7,9#10,11) in which r ^ t  
and s approaches a constant value (f-^0) and th a t  of f i g s . (8 .8 ,12) in
which th e  so lu tio n  approaches a s in g u la r ity  in which r-?0 , s-f . The 
second type  o f so lu tio n  i s ,  as in  the  case of th e  seven-sphere, due to  
th e  f  term  in  (7 .62 ,64 ,73 ) which dominates the  equations fo r r  and s 
fo r  an im portant period lead in g  to  th e  f in a l  behaviour. I t  i s  c le a r  
th a t  th ese  so lu tio n s  do not give s a t is fa c to ry  in f la tio n a ry  behaviour.
The second category contains those with f  /  0, g /  0 as 
i l lu s t r a te d  in  f i g s . (8.13-18) which shew many of the fea tu re s  of the 
f i r s t  category; th i s  being due to  the fa c t, as e x p lic i t  ca lcu la tio n  of 
the  re lev an t terms shows, th a t the f  term is  dominant compared to  the 
g term. Rewriting the  two Maxwell equations (7.74)
7 S= T  '  (8.9a)
^  )  (G.9b)
note th a t  f  is  p o sitiv e  whenever s i s  negative; so i f  s i s  sharply 
decreasing f  w ill increase and again dominate in the E instein  
equations for r  and s. When s and r are negative g w ill  increase, but 
as r  becomes p o sitiv e  g becomes le s s  p ositive  and eventually  negative 
and so the e f fe c t  of the g term becomes sm aller. This i s  the s tru g g le  
th a t  has taken place in  the complicated behaviour in f i g . (8 .18); 
however the  f in a l  behaviour approaches th a t  of f i g . (8 .14).
The th ird  category of so lu tions ( f i g s . (8.19-24)) is  when f  = 0, 
g X 0. That i s  the 4-form F i s  of the form , p artly  in the
time d ire c tio n  and p a rtly  on the seven-space. The form of F? i s  
m aintained by the equations of motion. This i s  a very important 
d iffe ren ce  between th is  model and th a t  of the seven-sphere and leads 
to  some in te re s tin g  fe a tu re s . Again there  are two types of behaviour; 
th e  r ^ t ,  s = constant type and a more promising one in which r-^*^ , 
s-^0 a t  a s in g u la r ity  ( in  con trast to  the f i r s t  two c a teg o rie s) . The 
cosmological p o s s ib i l i t ie s  of th i s  second type of behaviour w ill be 
in v estig a ted  l a t e r .
The in te rp lay  between the d iffe re n t terms in the equations of 
motion can be complicated. Consider the expression for r  (7 .62b,73b). 
In f i g . (8.20) i t  i s  the ( r s / r s )  term which dominates; although the 
term helps keep r  p o s itiv e  i t  becomes increasingly  in s ig n if ic a n t. This 
exp la ins why f ig . (8.29) with g = 0 throughout i s  s im ila r to  
f i g . (8 .2 0 ). For f i g . (8.14) the ( r s / r s )  term is  in i t i a l ly  dominant, 
thus the f i r s t  part of the curve i s  sim ilar to  f i g . (8 .20 ), however 
th i s  causes an increase in  the f^ term which assumes dominance for a
(15)
w hile making r  la rge  and negative and so r  large and negative. 
Although the f  term now fades i t  has so increased r  th a t the - ( r / r ) ^  
term now dominates and th is  brings r  crashing down.
For the so lu tions ending in  a s in g u la rity  the change in behaviour 
due to  th e  f  term can be traced by considering the  s e r ie s  of graphs 
f i g s . (8 .8 ,1 4 ,2 0 ). F ig s .(8.8) and (8.14) are s im ila r, g = 0 in 
f i g . (8 .8 ) and f^^Y g in  f i g . (8 .14). The dotted and dot-dashed graphs 
in  f i g . (8.14) shows the re su lt  with the same i n i t i a l  values for the 
sca le  fa c to rs  and th e ir  derivatives as f i g . (8.14) but with g »  f  
i n i t i a l l y .  The behaviour i s  much more lik e  th a t of f i g . (8.20) u n ti l  
near the  end, however the f  term eventually causes the about tu rn  in r  
and s . In f i g . (8.20) with f  = 0 for a l l  the time th is  tu rn  over does 
not occur. The same progression e x is ts  in the  s e r ie s  
f i g s . (8 .1 2 ,18 ,24 ).
F ig s .(8.25-28) show so lu tions w ith k  ^ = 0, thus showing fo r th is  
model th ere  are  o ther types of so lu tion . F ig s .(8.29-30) give, by 
spec ia l choice of the i n i t i a l  values, cases where f  = g = 0 for a l l  
tim e. Note th a t  these re su lts  are s im ila r to  f i g s . (8.20,24) thus 
i l lu s t r a t in g  the re la t iv e  unimportance of the g term in some cases.
I t  can be seen from the two models considered so fa r  in  th is  
chapter th a t  th ere  are fam ilies of so lu tions, each so lu tion  being 
se le c ted  by a p a r tic u la r  se t of in i t i a l  values which has to  obey the 
condition  a r is in g  from the Bianchi id e n tity . I  have no explanation fo r 
how any of these d iffe re n t values arose out of whatever ex isted  before 
and so, a p r io r i ,  each i s  a p o s s ib il i ty . I  now consider the form of 
the  equations in more d e ta il  to  see which terms con tribu te  to  an 
in f la tio n a ry  type behaviour (eg. perhaps as in  f i g s . (8 .20.24)) with a 
la rg e  expansion of the ordinary dimensions and with the ex tra  
dimensions con tracting  or constant, and which act against i t .  I  can 
then impose the conditions required to  give th is  type of behaviour and 
note how i t  r e s t r i c t s  the possib le spaces for M? for my construction  
of the  4-form F. In the next chapter I  w ill discuss whether the 
so lu tio n s  can solve some of the remaining cosmological problems and 
compare in f la t io n  in  d=11 supergravity  with the stre tched  ordinary 
g rav ity  of chapter VI and also  a non-supersymmetric g rav ity  model in 
g rea te r  than 11-dimensions which contains a 4-form F.
The various components of F given by
F  = I  5>- +  I" ^  V 'a E; * (8 .10)
(7 6;
c o n trib u te  q u ite  d iffe re n tly  to  the energy-momentun tensor and thus 
play d if fe re n t ro le s  in  the E instein  equations. In chapter VII I 
derived
cIE; = ^  C,j * £■ C8.11)
as  a necessary condition for the Maxwell equations to  be s a tis f ie d .  
The choice of E) sa tis fy in g  (8.11) i s  important.
I  f i r s t  re tu rn  to  the model described a t the s ta r t  of th is  chapter 
given by (8 .1 -4 ). I  equate the Ricci tensor in (8.3) with (7.62) and, 
because of the Bianchi id en tity , I  need here only consider two of the 
th re e  equations, say the (b) and (c) p a rts . These equations can be 
divided in to  k in e tic  terms with acce lera tions and v e lo c i t ie s ,  
( r / 2 r + . . . )  and ( s /2 s + . . . )  respectively  on the LHS and 'p o te n t ia l ' 
terms on the RHS which are (-k j/r* -f,V 4 | s"  ^ ) and (-k-,/s*+f,V 2.4‘ s'*^  ) 
re sp e c tiv e ly , where kg < 0, k? > 0 and I have used (8.4) to  rep lace f  
w ith f, . In both equations the f /  term is  of opposite sign to , and 
thus a c ts  ag a in s t, the curvature term. The f /  term would on balance, 
d esp ite  the complicated nature of the k in e tic  terms, be expected to  
a c t aga inst the  p o sitiv e  acce lera tion  of the scale  fa c to r  r  and fo r 
th a t  of the ex tra  dimensions s. This i s  ju s t  the  opposite of what is  
requ ired  fo r a universe in which the ordinary dimensions expand and 
th e  ex tra  dimensions co n trac t. The re su lts  of the seven-sphere and 
seven-torus w ith F = fJL confirm th a t i t  i s  not possib le  to  have 
s u f f ic ie n t  expansion of r ( t ) .  Some re su lts  (eg. f i g s . (8 .4 ,8 ))  show an 
i n i t i a l  expansion of r  and con traction  of s, however th is  phase is  
brought to  an end w ith r  becoming negative and s p o s itiv e . Ju st to  
r e i te r a te  th is  i s  because, according to  (8 .4 ), as s becomes la rge  and 
negative f  becomes la rge  and positiv e  so the f  ^  = f, /s '^  term, with 
the  wrong sign , dominates. This s dependence of F i s  a dominant 
fe a tu re  of the equations and p e rs is ts  as such even when F takes the 
more general form as in  (8 .10), which I  sh a ll now suppose.
With F given by (8.10) the E instein  equations rep lacing  (8 .3) are  
more complicated, as I  have shown in  chapter VII. Consider the 
co n trib u tio n  of the dA? term to  the Ricci tensor derived from the 
E in ste in  equations by taking specimen terms from the dE* and from the 
V^a Ej p a r ts  of (8 .1 0 ). I  sh a ll ignore the in e sse n tia l com plication 
a r is in g  from the in (7.49) being a function of y. I w ill  c la r ify  
and extend the  conclusions given by Moorhouse and Nixon{80}.
( y v
The two important specimen terms can be w ritten
I .  / O  , n,n f^i3
^  /  A I3 (8.12)
and using the  m etric in (7 .60) with the s,», d is t in c t  the components of
F are
i °  J " s  '  | r  • (8.13)
So, assuming th a t  the Ej are chosen to  s a tis fy  (8.11) and give a 
diagonal R icci tensor the th ree space components of the Ricci tensor 
are
r  .  £ ^ £ - f  su^vUa r e ^  ) l
''fc  4 ; ^ '  ^  1 ' ' J .  (8.14)
Since the ’s im ila r term s’ containing gj or g-, in  (8.14) a l l  a r ise  from 
the  -F*3rk/2 part of the E instein  equation (7 .27 ), and not the 
F. - e o p a r t, the g-,*" terms w ill always give negative
c o n trib u tio n s  and the g-, terms w ill always give p o s itiv e
c o n trib u tio n s  whatever the form of the E^. Thus (8.14) shows th a t  for
in f la t io n  of r  the f  and g; components of F in  (8.10) are  bad and the
g; components good. A study of the models in  chapter VII w ill show
th is  to  be tru e  in  each case.
Now I  examine the e ffe c t of the & ,g; components on the ex tra  
space, where the Ricci tensor from the curvature gives seven separate 
equations
i t  ^  ^  , (8.15)
where R*"„ i s  the Ricci tensor calcu la ted  fo r the 7-space alone with 
m etric  - Z  b”® b'^  ; and from the E instein  equations
R \ -  (8.16)
-  3  s v ;  - e  '  - i )  -  ]
As before the f^ term tends to  acce le ra te  s, ac ting  against diminution
of the ex tra  space. As for the other terms the d e ta i ls  depend on the
Ej and the form of the dEj, so the signs of the gj , g, terms depend on
whether E^  and/or dEj contains b . This must be studied fo r indiv idual
(7» ;
models.
The f  term continues to  be important because with F as in (8.10) 
th e  general Maxwell equation equivalent to  (8.4) is  also  exactly  
in teg ra b le  and gives
Sm) +  ^  ^ij -  Ccpnsto^}^ , (8.17)
where by are  constants independent of y i f  the aj,^r of (7.49) are
independent of y. Consequently even i f  f  s ta r t s  o ff zero, in the
course of time, for a shrinking in te rn a l space, i t  can be expected to
dominate the p o ten tia l and bring any expansion of r  to  a sharp end. 
This has been shown for the seven-sphere and seven-torus models, and 
com putations show i t  to  be true  for the other models a lso .
There are two aspects of the so lu tion  to  the problem of find ing  
in f la tio n a ry  behaviour. The f i r s t  i s  to  elim inate a l l  terms in the  
expression (8,10) for F which cause d i f f ic u l t ie s  ( ie .  the f  and gj 
term s); th e  second i s  to  choose the E, and My such th a t  the gj terms 
give negative con tribu tions to  R"^. The f i r s t  s tep  req u ires  f ( t )  = 0 
and dEj = 0 to  remove the g- terms. Note th a t to  remove a l l  ’bad’ 
terms req u ires  a l l  dE^  to  be zero not ju s t  the sun % dEj. Thus F has 
th e  form
F  -  ^  ^  V ‘’ a  .  ( 8 . 1 8 )
i
Subject to  the fu rth e r  condition
f  E ;  == (? ( 8 .1 9 )
th e  Maxwell equations (7.8) are  now soluble and can be in teg ra ted  with 
respect to  time to  give
* k ( 8 . 20 )
where Qj i s  a product of of overall degree 1. In the  case of the
to ru s  c^ r= s . The new condition (8.19) was already s a tis f ie d  in  the
more general case when dEj  ^ 0 since the m atrix c^ -j in (7*56) is  non- 
s in g u la r.
The le s s  s tr in g en t condition of ju s t  s e tt in g  f  = 0, which removes
th e  worst in f la tio n a ry  term, i s  in su ff ic ie n t because equation (8.17)
has s t i l l  to  be s a tis f ie d . This takes the form X  bj. g,gj= 0 which,
Jj •J
(79)
along w ith (8.20) over determines the gj unless the by = 0. This i s  
the  case fo r the special case of the to rus, and some other models in 
chap ter VII.
Now I  can study the models of chapter VII to  see i f  they f u l f i l l  
the  cond itions
( 8 . 21 )
as w ell as giving g; terms of the co rrec t sign in (8 .16). The E\ I 
consider are  those of chapter VII, I  have not yet studied the 
cohomology of the M?'s su ff ic ie n tly  to completely exclude the 
ex istence of other forms which may sa tis fy  (8 .16).
I t  follow s d ire c tly  from (7.19) th a t  Model 1, the squashed seven- 
sphere, cannot give in fla tio n a ry  behaviour.
Returning to  Model 2, the seven-torus, for the special case with 
a l l  th e  ex tra  dimensions tre a te d  equally no tice th a t (8.21) are  
s a t i s f ie d  and (8.20) gives
? 5 r J  = (8.22)
and the  E in ste in  equations are
f  -  I M  ^  '
which y ie ld  th e  condition the i n i t i a l  values must s a tis fy  (rep lac in g  
(8 .8 )
f i  *  ^  • (8.24)
Note th a t  the gj ( ie .  h) term does ac t the  co rrec t way in (8 .23c). 
This i s  not necessarily  true  in the more general case with the 
d is t in c t  and some gj = 0 (eg. R * < 0 i f  g^ = = g, = 0 ) .
An exact so lu tio n  r  = a t ,  s = b t'i, corresponding to  r  = a t ,  
s = b t ^  fo r the to rus w ith the Freund—Rubin ansatz , does not e x is t  
because i t  would requ ire  h < 0 which i s  not allowed.
The so lu tio n s  given fo r the to rus show th a t  even with the
cond itions (8.21) s a tis f ie d  not a l l  i n i t i a l  values give r is e  to  a huge
expansion of r , but th ere  i s  a t le a s t  a c la ss  which does; see
f i g s . (8 .2 0 ,2 4 ). The numerical solu tion  for these cases, as t - ) t , , is  
ch a rac te rised  by
r
— jr ^  ^  (8.25)
and consequently approaches a Kasner type solu tion
r =   ^ 3  = k  F )  ^ (8.26)
w ith the  r ig h t hand sides of (8.23) and (8.24) becoming n eg lig ib le  and 
consequently the l e f t  hand sides give the Kasner conditions
3c<  + 7  ^  = 1 =  3  ^  7   ^ (8.27)
which have so lu tions
PC = -  3 5  g  , ^  = O  é> , (8.28a)
- Cf ' Ç S  & j ^  ( 2 ^ ^  . (8.28b)
Eqn.(8.28a) corresponds to  the desired case of r  expanding and s 
co n trac tin g  and i s  selected  by f  = 0 and (8 .21). Eqn. (8.28b) 
corresponds to  the so lu tions I  do not want with r-^0 , and which
are se lec ted  by f  /  0. The constants a ,b  depend on the  precise i n i t i a l  
cond itions and t, i s ,  as y e t, only given in a rb itra ry  time u n its . The
constan ts  w ill  be given values in the next chapter when I look a t the
cosmology of the so lu tions. The so lu tions (8.28) s a tis fy  the 
Alvarez{73} conditions (2) and (3) described e a r l ie r  in the chapter. 
Another asymptotic so lu tion  is
r  = cc t  -t C  ^ S '  y  '  c o n sU rv t  , (8.29)
where a = / j^  and b ,c  depend on the  i n i t i a l  values. This ap p lies  fo r 
eg. the so lu tio n s  of f i g s . (8 .21 ,22). This does not f a l l  in to  the
Alvarez ca teg o ries .
For the to rus with the gi not a l l  equal, and other models,
so lu tio n s  with the s^ not a l l  equal can approach
(SI)
r - .  = k - k )  , r , ,  7 , (8.30)
in stead  o f (8 .2 6 ), with the Kasner condition
3 o ( . - l - Z 0 m  = I = 3  iK ’' t  Z  . (8.31)
n  ft\
However the  so lu tion  of (8.31) giving the maximum ra te  of expansion of 
r  occurs fo r 0 (m = 1 ,...,7 ) and th is  so lu tion  i s  given by
(8 .2 8 a). Note th a t in some models i t  i s  not possible to  have a l l  the 
0^ equal due to  the geometry, and even when the geometry permits i t  
the  choice of the g-, i s  important.
The e f fe c t  of the % 1; Gi terms in (7.70) has not been studied in
d e ta i l  but th e i r  presence seems to  act against good cosmological
so lu tio n s .
I  now re tu rn  to  a study of the other models w ith regard to
in f la tio n a ry  p o s s ib i l i t ie s .
Model 3.
Since dE, /  0 I  must se t g, = 0 . The d eriva tives of the other Ej ’s
a re
( P,.Cr^ + P3  0 ,3  )  , ( 8 . 32a)
d £ 3  - -  (P, r P3  Q j  , ( 8. 32b)
d  E 4  = -  ( P ,  -b Pa 6 , 1 )  .
Eqns.(8.32) give d*E; = 0 but imposing dEj = 0 requ ires  only one of
gi»ë3 ,Sv non-zero (say g%) and only one of P, , P3 non-zero (p, in
th e  case of g^ f 0 ) . Thus M, i s  r e s tr ic te d  to  the  manifold (which
i s  in  fa c t  S^x S^x when p, = 1 which has syrrmetry (SU(2)^){70).
However, with only P, fSy, /  0 9 study of (7*78) shews th a t  although 
a c ts  fo r increasing  r  and decreasing w and s i t  a lso  a c ts  fo r 
in creasin g  ü and v. Thus the model is  unlikely  to  give su ita b le  
in f la tio n a ry  behaviour. Lack of time prevented a f u l l  numerical study 
of th i s  model.
Model 4.
I n i t i a l  values are given in ta b le (8 .3 ) . The so lu tion  shown in
f ig .  (8.31) shews the  type of behaviour expected when f  /  0 for the 
topology P, = P% = 0, Pj = 1. Note th a t th is  topology g rea tly  
s im p lif ie s  the  equations of motion (7 .82 ,85 ,86). From now on I 
consider only f  = 0 so lu tions.
Table(8.3)
I n i t i a l  values fo r so lu tions fo r Model 4
g, gi Topology Graph
1 1 1 1 8 0 0 p,=p^= 0 pg= 1 f i g . (8.31)
1 1 1 1 0 15.66 15.66 p^  =p^= 0 p,= 1 f i g . (8.32)
1 1 1 1 0 27.13 0 p,=p^= 0 P3= 1 f i g . (8.33)
1 1 1 1 0 15.43 15.43 p,=p^=P3= 1 f ig . (8.34)
For possib le  in f la tio n  i t  i s  required  th a t  dfE; = 0 which follow s 
d ire c tly  from (7.84) and dEj = 0 which requ ires p, = p^ = 0 thus 
r e s t r i c t in g  the  topology to  an example of which i s  M**' the
space CP*x s \  s' with symmetry SU(3)xSU(2)xU( 1 ){4}. Thus th is  model 
i s  appealing from the syrrmetry aspect. Does i t  a lso  give in f la tio n  ? A 
study of (7.85) with p, = p^ = 0 reveals  th a t  in general the g> terms 
a c t fo r increasing  r  and decreasing v, which i s  good, but th a t  g, a c ts  
fo r  decreasing ü and increasing  s whereas g* a c ts  fo r increasing  u and 
decreasing s . In f i g . (8.32) i s  shown a so lu tion  which does give 
in f la tio n a ry  type behaviour s ta r t in g  with the i n i t i a l  values of g, and 
g^ equal. What has happened i s  th a t  in (7 .85d,e) th e  g, and g  ^ terms 
cancel each other out su ff ic ie n tly  to  prevent e ith e r  s or u expanding 
much beyond th e i r  i n i t i a l  values before the f in a l  Kasner type 
behaviour takes over. This i s  not the case in f i g . (8.33) which s ta r t s  
w ith g, Z 0, g i = 0; the  g, term here causing the  expansion of s and 
co n trac tio n  of u. With the i n i t i a l  values g, = 0, g , f  0 u can be made 
to  expand and s to  co n trac t. Further tuning of the i n i t i a l  values of 
g, and g;^  might improve the in fla tio n a ry  behaviour beyond th a t  of
f i g . (8 .3 2 ).
In f i g . (8.34) i s  shown a so lu tion  with g, = g; i n i t i a l ly  but for a
{■33)
d if fe re n t  topology. Comparing th is  graph with f i g . (8.32) shows how the 
so lu tio n s  are  c ru c ia lly  dependent on the  topology with even the 
asym ptotic behaviour of the scale fa c to rs  markedly d iffe re n t.
Model 5.
For th is  model dEj = d*E, = 0 by construction . Again the gj terms 
in  the  E inste in  equations (7.92) ac t both fo r and against decreasing 
a c ce le ra tio n s  of the scale  fac to rs  for the ex tra  dimensions in various 
combinations. I n i t i a l  values are given in ta b le (8 .4 ) .  The so lu tion  
shown in  f i g . (8.35) gives in fla tio n a ry  behaviour for r  together w ith 
u,V;W;S co n trac tin g  and i s  dependent on the i n i t i a l  choice of the 
g ; ’ s, here a l l  equal. The so lu tion  in F ig .(8.36) with i n i t i a l  values 
g, X 0; gi = gj = 0 has s as w ell as r  expanding.
Table(8.4)
I n i t i a l  values for so lu tions for Models 5 and 6
Model 5
Model 6
s r  s L  &3 Graph
1 1 1 29.39 29.39 29.39 f i g . (8.35)
1 1 1 50.91 0 0 f i g . (8.36)
1 1 1 13.36 13.36
1 1 1 19.29 0
f i g . (8.37)
f i g . (8.38)
Model 6.
Again dEj = d*E;= 0 by construction . However for th is  model both g, 
and gx ac t fo r the increase of s and consequently there  appears to  be 
no so lu tio n  in  which s does not expand. I n i t i a l  values are  given in 
ta b le (8 .4 ) .  F ig .(8.37) shows a so lu tion  in  which u = v by the i n i t i a l  
choice g, = gg_ and they both co n trac t. By choosing g, X 0, g , = 0 v 
can be made to  expand as shown in  f i g . ( 8 .38) .
(3 ^ )
Cha p te r  IX COSMOLOGY DE THE SUPERGRAVITY MODF.T.
I  have shown th a t  th ere  i s  a c la ss  of models which, under ce r ta in  
co nd itions, w ill give so lu tions for the scale  fa c to rs  which become 
Kasner l ik e  as the time t  approaches some c r i t i c a l  time t, as 
i l lu s t r a te d  by the so lu tion  for the to rus in (8 .2 7 ). For m anifolds, 
including  t o r i ,  with s^ not a l l  equal so lu tions may, i f  the necessary 
cond itions fo r the previous chapter are s a tis f ie d ,  approach
(9.1)
with X and 0m s a tis fy in g
3 c <  +  Z / ê m  =  I =  3 ^ Z  . ( 9 - 2 )
m . m
Using Lagrange’s method of undetermined m u ltip lie rs  I  f ind  th a t  for
maximum \o(.j then 0 ^ - 0  for a l l  m; c< < 0 corresponding to  the
in fla tio n a ry  behaviour of r, o< > 0  corresponding to  the crash of r
and expansion of s. I  w ill now consider whether th is  type of so lu tion
can solve the horizon and f la tn e s s  problems. The parameters a , b, t ,  
in  (9 .1) depend on the  model and the precise i n i t i a l  values and fo r
the case of the to rus with the i n i t i a l  values r  = s = 1, r  = 1,
s = -1 , kj= -1 /2 , h are a = 0.605, b = 1.481 and t ,  = 0.27 in an
as y e t a rb itra ry  time scale . Any horizon and f la tn e s s  considerations 
a re  in se n s itiv e  to  these values but the values of the dim ensionless 
c h a ra c te r is t ic  constants and f  , which are fixed  by (9 .2) for any 
d=11 supergravity  model, are  c ru c ia l. I  sh a ll now present a h e u r is tic  
argument to  te s t  whether these so lu tions can solve the f la tn e s s  and 
horizon problems. I t  should be noted th a t  t  = 0 does not necessarily  
correspond to  the o rig in  of the universe.
So fa r  the length  and time scales have been a rb itra ry . To f ix  a
physical length  sca le  I  must determine L, where 1 u n it of the leng th
sca le  in  f i g . (8.20) i s  L m etres. Since the so lu tion  (9 .1) is
approaching a s in g u la rity  a t  t  = t ,  I  have to  postu la te  an e x it  from 
th is  c la s s ic a l  so lu tion , say a t time t , = t  -  w where  ^ i s  a small 
time in te rv a l.  I  follow the  idea of an exit{61,63) through
s ta b i l i s a t io n  of s when i t  has collapsed to  the Kaluza-Klein scale
(» 5 )
near the Planck leng th , perhaps due to  the onset of quantum e ffe c ts  or 
some o ther m iracle . This requ ires th a t
I L ^ •— yL b -  y - p  ( 9 . 3 )
where Lp i s  the Planck length ; for a given th is  f ix e s  the 
approximate sca le  of the numbers. However ^  remains to  be determined 
by the requ ired  expansion of r  to solve the horizon problem, th a t i s  
r  = a has to  be large  enough.
Introducing c a p ita l l e t t e r s  for the physical q u a n titie s  (and small 
l e t t e r s  fo r q u a n titie s  in my scale) I  have
C T  = L  t  (9.4)
where c i s  the speed of l ig h t .  I  requ ire  the causally  connected region 
a t  time T (t) when the  11-dimensional phase comes to  an end(ie . the 
ex tra  dimensions are  frozen out) to  include the region which we now,
a t  the present time To(t^), observe in the  p a r t ic le  horizon of
2x10f*light years = 1.8x10^ m etres. The distance of causal connection 
a t  time T i s
h (t ) ’  R(t )
cetr*
R(T')
(9 .5)
where R(T) = L r ( t ) ,  which becomes a distance
f
H(T)
a t  time T^  today. Consequently I  requ ire
i J l  , (9 .6)
V
9 % jO (9.7)
I t  i s  necessary to  make some assumptions about the evolution of the 
4-dim ensional universe a f te r  time T so th a t  the so lu tion  before f  can 
be continuously connected to  the  present time. Let me assume th a t 
th e re  i s  an immediate tra n s it io n  to  the usual scenario , with f i r s t  a 
ra d ia tio n  dominated universe. This could be so a t  a point in  time i f  s 
and g*2 immediately become constant. I t  would however req u ire  
adjustm ent of the d=4 cosmological constant and rad ia tio n  pressure. I f  
i t  i s  so th e re  i s  a continuous jo in  a t T to  the so lu tion
( w ;
R ( t ) = A  R C T o ) ( 9 . 8 )
where A can be approximately evaluated by the standard formulae{52} to  
give
A = 1 * 9 / .  I O secc?aels , (9.9)
The power of T in  (9.8) w ill change as T goes from T to  To, however
the  change w ill not e ffe c t th is  ca lcu la tio n . From (9.8)
R ( t )  = A R ( T o) t ^^  = Z r ( ' B ) ,  (9.10)
Eqn.(9 .1 ) gives a good approximation to  the so lu tion  with My a seven- 
to ru s  so i t  i s  reasonable to  take
R (T') = L r - ( l : ' )  = L < x ( t 7 , - k f   ^ t ,  > b , (9 .11)
and on matching (9.10) and (9.11) a t  T = T ( t  ="t) I  obtain
R ( - r « )  =
and so the requirement (9.7) becomes, taking the equality
A ? * ‘ ;
Performing the  in teg ra tio n  and su b s titu tin g  the numerical values fo r 
the  to rus the following approximate re s u l ts  are obtained:
L -  4  y. Lp % 6 - ^  > jo '*  m , (9.14a)
T  -  5 '- 8  y. s ,  (9.14b)
j%(o) = S ( o )  = JL % 6 ' 4^  fr,  ^ (9.14c)
(9.14d)
This r e s u l t  cannot be regarded as s a tis fa c to ry . I n i t i a l  values as in 
(9.14c) of many orders of magnitude times the  Planck leng th  have no 
n a tu ra l explanation ye t th e ir  s iz e  i s  a consequence of the values oC
(87)
and 0  a re  required to  have by the Kasner equation. For models w ith M3 
expanding and a l l  d ire c tio n s  in My contracting  X and do not vary 
enough among d if fe re n t models to  give s ig n if ic a n tly  d iffe re n t r e s u lts .  
The to ru s  model gives the ’b e s t’ behaviour. Another assumption to  
avoid la rg e  i n i t i a l  length scales could be to  se t R ( 0 ) L p .  This 
would however su ffe r  seriously  from quantum e ffe c ts  as the ex tra  
dimensions contracted . Notice th a t the d=11 phase i s  over in le s s  than
•2 610 seconds.
Evaluating the f la tn e ss  parameter 1^-" a t t  using r  = a r ( to ) t^
\  Cgives
■k,| .  . „
(9.15)
to  be compared with (5 .17). This seems too la rge  and supposing
T*o= - 8TTGp a t  t  = t  the value of p  ex trapo lated  to  present tim es is
about a fac to r of 10'^ la rg e r than commonly accepted values.
Could the  other asymptotic to rus so lu tion  r  = a t ,  s = b where
a , b = 1.413 solve the horizon problem ? Let me assume th a t  s 
a t ta in s  the Planck length  and take
= 4 - - (9.16)
h
Performing a s im ila r ca lcu la tio n  to  th a t above gives
L = ) - l  A . (9.17a)
T = 7  y S. ( 9 - 1^9 )
R ( o )  = S ( e >)  = L
(9.17c)
>0 (9.17d)
R ( T )  -  I S  X  ) £ ?  m  .
Note th a t  in th is  case i t  is  not possib le  to  use r  = a t  a l l  the way 
back to  t  = 0 in (9 .7 ) due to  the logarithm ic nature of the in te g ra l 
and an approximation i s  made. This would appear to  solve the horizon 
problem but expansion has to  continue fo r a long time (over 20,000 
years and 10** times the expansion time in (9 .14)) and by th is  time 
o ther e f fe c ts ,  such as p a r t ic le  c rea tio n , would have to  be included 
and the model would be in su f f ic ie n t.  Some comments on th is  point are 
given in  chapter XI. Maybe th is  m ildly in fla tio n a ry  so lu tion  would
work in  a more complicated model in which these e f fe c ts  a re  included.
I  have looked a t  time dependent so lu tions in d=11 supergravity  and 
have id e n tif ie d  ra th e r r e s t r ic t iv e  conditions for the 4-form F so th a t  
expansion of r  i s  not brought to  an untimely end and I  have found th a t  
th e re  e x is t  a c la ss  of so lu tions fo r c e rta in  compact manifolds M? 
which give huge expansions fo r r . In taking the 4-form
F  = X  h  F ;  . (9.18)
I  derived an energy momentum tensor which has important d ifferences to  
th a t  of the s tre tch ed  ordinary grav ity  of various authors{59,61,63,81} 
and described in  chapter VI where the energy-momentum tensor comes, 
ty p ic a lly , from the higher dimensional rad ia tio n  pressure and density . 
Comparing the R icci tensor (6.8-9) for a perfect f lu id  cosmology with 
th a t  fo r supergrav ity , (7.64) in the case of the to ru s , one can see 
th a t  the energy-momentum tensor a r is in g  from the density  p in one 
case and from F as in  (9.18) in the other ac t in the same d irec tio n  
fo r the  time and ordinary space components, but fo r the compact 
dimension equations the signs are  d iffe re n t;  supergravity  has F ac tin g  
fo r s decreasing, s tre tched  gravity  for i t  increasing . Another 
d iffe re n ce , which w ill be discussed fo r a rb itra ry  dimensions, i s  th a t 
the  energy-momentum tensor given by (9 . 18) is  proportional to  r"^ s'* 
fo r supergravity  whereas the corresponding term for s tre tch ed  gravity
? 7in  11 dimensions i s  (r'"^ s" )“" . In cases where th ere  i s  rapid 
expansion of r ( t )  these two fa c to rs  w ill explain i n i t i a l  d iffe ren ces  
in  the two models (compare f i g . (6 .2) and f i g . ( 8 .20)) but, since the 
energy-momentum terms become of sm aller magnitude than the  k in e tic  
term s which are the same in  each case, the so lu tions tended to  are  the 
same and the  problem of obtaining s a tis fa c to ry  in f la t io n  the same. 
Thus the  supergravity  model does not improve in fla tio n a ry  prospects. 
Although the form of F does not change the asymptotic behaviour i t  i s  
im portant in  se le c tin g  which type of asymptotic behaviour re s u l ts ,  
th a t  i s  whether r  expands and s co n trac ts  or vice versa. In s tre tch ed  
ordinary  g rav ity  for a perfect f lu id  only one type of asymptotic 
behaviour i s  possib le  with r  expanding and s con trac ting . I f  the 
energy-momentum tensor arose from d iffe re n t f ie ld s  and/or a 
cosmological constant th i s  could be changed. To improve the 
in f la tio n a ry  behaviour one might consider a la rg e r  nunber of ex tra  
dimensions in  a s tre tch ed  cosmology as the equations described in 
chapter VI allow. Some authors have speculated on the use of the
(8V
4-form f ie ld  F in  d>11 dimensions{34,82}. I  sh a ll consider th is  
p o s s ib i l i ty  in a cosmological context, since, as I  have shown, F gives 
d if fe re n t  behaviour to  p in the perfect f lu id  theory. Since 
supergrav ity  cannot e x is t in  dimensions g reater than 11 I w ill
consider a minimal theory in which F only appears in the Lagrangian as 
F a* F , leading  to  the equation of motion d*F = 0 together with the 
c o n s tra in t dF = 0. The terra Fa Fa A i s  only appropriate in 11 dimensions 
fo r a 3-form A.
The E in ste in  equations are ju s t  the same as (7.62) except now the 
sums run from 1 to  m and not 7. There is  no r e s tr ic t io n  on the number 
of ex tra  dimensions m but i f ,  for s im p lic ity , I  want to  consider only 
one sca le  fac to r  for them a l l  I  must be able to choose E =JT E, ,where 
E} a re  3-forms on the m-dimensional manifold, such th a t the ind ices 
a re  equally  spread over a l l  d irec tio n s  (and only give diagonal
co n trib u tio n s  to  the Ricci ten so r). For s im p lic ity , and because i t  
w il l  give in fla tio n a ry  behaviour for the same reasons as w ith
superg rav ity , consider the case of an m torus where m = 2^-1, M an
in teg e r and consider E constructed from Ej using combinations allowed 
by a g en e ra lisa tio n  of the octonion s tru c tu re  constants (m ultonions?). 
The number of E} i s  (2*-1)(2*-2)/6 . With
Ay ■ ^  J*; Hi  ^ P  = ^  S I - ir  cl A 7 (9.19)
the  E in ste in  and Maxwell equations can be derived in  a s im ilar manner 
to  the method of chapter VII and they are given for completeness in 
Appendix D. F i r s t ,  ju s t  to  note in passing, th a t when F i s  given by 
the  Freund-Rubin ansatz F = f ( t ) 5 t  the equation d*F = 0 im plies th a t  
the energy-momentum tensor con tribu tes terms of the form f,/s* '^ , where 
f, i s  a constan t, and I have found a g en era lisa tio n  of the Freund 
power law so lu tio n  (1) in chapter VIII of the form
r* -  ct b . S  - y  ^ . (9.20)
Although for m la rge  the increase in s i s  n eg lig ib le  compared to  r  the 
increase  of r  i t s e l f  i s  not su ff ic ie n tly  fa s t  to  overcome the problems 
described before for power law in f la tio n . Using the  cosmological form 
of F in  (9.18) the  energy-momentum tensor co n trib u tes  terms on the 
r ig h t  hand side  of the E instein  equations proportional to  r  s . I n  
the case of the s tre tched  cosmology the corresponding terms are  
p roportional to  ( r '- ^ s '" f % .  In both oases the so lu tion  approaches, as
t - ^ t ,  , the asymptotic Kasner form
r  = a   ^ (9 .21)
where the  ind ices are  required by the E instein  equations to  s a tis fy
3 o( 't ^ I - 3 -t m   ^ (9.22)
For in f la tio n a ry  behaviour (9.22) is  solved by
-  ^  .  I +  (9-23)oC '  -JSl
j + f n - t 3
and fo r m large
K -  -ÿ ÿ  = -  , 0  ■ (9.24)
Thus, as was previously noted in  the s tre tched  cosmology{61,63} and 
applying equally  to  the m large F -fie ld  cosmology, r  now increases 
much fa s te r  than s decreases and th is  gives a much more promising 
scenario  fo r in f la t io n . Note th a t the improvement i s  more due to  the 
change in  0  slowing the decrease in s ra th e r than an increase in  )cx| 
causing f a s te r  expansion of r. There i s  also  an asymptotic so lu tion  
w ith r  decreasing and s increasing  ( o< > 0). Again i t  i s  the form of F 
and M; which s e le c ts  one type of so lu tion  or the o ther. For the m- 
sphere i t  may not be possib le to  obtain the required expansion of r 
ju s t  as fo r S’ in  d=11 supergravity .
There are  d iffe ren ces  in  how the asymptotic form is  approached in 
th e  two models since f i r s t l y ,  the sign of the  compact dimension 
energy-momentum tensor components is  d iffe re n t and secondly, for m 
la rg e  using (9.21) and (9.24) the  con tribu tions are  proportional to
r - i  ^  ^y>- p  .  _ (9.25a)
y
^   ^ - b )  ^ S M c k e d  (9.25b)
so th a t  in  the case of the 4-form model the energy-momentun tensor i s ,  
w hile s t i l l  le s s  than the  k in e tic  terms, much nearer th e ir  magnitude 
(which is  proportional to  ( t , - t ) ^  ) than in the stre tched  cosmology. 
Specimen r e s u l ts  a re  shewn in f i g . (9 .1) lo r  the i n i t i a l  values
(V)
r = s - 1, r _ 1, s = - 1, k j = -600 when a) m = 15 ,b) m z 63.
Although the increase in  r  i s  la rg e ly  a d ire c t re su lt  of more ex tra  
dimensions appearing in  the k in e tic  terms the f u l l  ro le  of the ex tra  
dimensions i s  more complicated and they con tribu te , for instance, to  
in creasin g  the gVs^ term since
'  ' ^ f ]  (9.25)
and th i s  increases r  and decreases s.
To f ix  the  physical scales I  use the same procedure as for the 
supergrav ity  model in requ iring  an expansion of r  la rg e  enough to  
solve the  horizon problem. For the i n i t i a l  values above and m z 63 the 
asym ptotic forms are
r  ^ 0 7 4 { o - o z 9 - b )  (9 .27a)
S = ( 9 . 27b)
Performing the an a ly sis  gives 
L = 1 8 5  Lp y
T  =  X S,
R ( o )  n S ( o )  = L -  6 A ! m .
R I t ) = 9 - 7 )  X 10'*  (n .
£ ( T )  = l p .
(9.28a)
(9.28b)
(9.28c)
(9.28d)
(9.28e)
This gives a much more a t t r a c t iv e  in fla tio n a ry  prospect, and L can be 
brought down to  Lp by fu rth e r increasing  m. The disadvantage of th is  
scheme i s  the very ad hoc appearance of the F f ie ld  whereas in 
supergravity  i t s  presence i s  required . I t  would be in te re s tin g  to  
consider what non t r i v i a l  manifolds in the m ex tra  dimensions could 
s a tis fy  dEjz 0, dJE*z 0 other than the m torus considered here. This 
might lead  to  a theory with a more r e a l i s t i c  symmetry a f te r  accounting 
fo r the syrrmetry reduction due to  a f ie ld  F^on M^ .
(9Z)
■CMPter 1  I£N-niMENSIONAL .SUPERGRAVITY
One of the shortcomings of N=1 d=11 supergravity is  th a t i t  i s  a 
non -ch ira l theory and th is  leads to  problems introducing r e a l i s t i c  
ferm ions in to  the theory. The other maximal supergravity , the N=2 d=10 
theory, does not have th is  problem and i t  i s  f re e  of c h ira l 
anom alies{83}.
The d=10 c h ira l supergravity cannot be obtained from a m anifestly  
covarian t ac tio n  p rin c ip le  and so i t  i s  necessary to  deal d ire c tly  
with the equations of motion which are derived, up to  quadratic  terms 
in  the  ferm i f ie ld s ,  in Howe and West{84} by requ iring  closure of the 
lo c a l supersymmetry algebra on sh e ll. I  looked b r ie f ly  a t th i s  theory 
to  see whether the methods of dynamical com pactification could be 
app lied . The f ie ld s  in  the bosonic sec to r, other than the v ie lb e in , 
a re  a 4-form A, a complex 2 -form C and a complex 0-form B which give 
the derived f ie ld s
F = 5" olA -  Æ I m C c f t H * )   ^ (10 .1a)
P -
(1 - 8 6 " )
Cf =  ( h  -  ,
(I -  6 6 * )
H  =  cl C .
(10.1b)
(10 .1c )
(1 0 .Id)
The f u l l  bosonic secto r equations of motion are given in
r e f s . {9,83,85,86} but f i r s t  I  sh a ll consider a much simpler theory in
which I  s e t C = B = 0 leaving, a f te r  some resca lin g  of the f ie ld s  for
convenience
p  ^  ^  F  , (10.2a)
(10.2b)
^ ^ ^ ^ M r"
to g e th e r w ith the co n stra in t
(93;
J t F  = 6> . (10.3)
I  f i r s t  look fo r com pactifications which are the lo ca l d ire c t product
of two 5-dimensional spaces, one non-compact (M5*) and the  other
compact and E in ste in  (M5) described by a m etric
^  6 ? v' -  ^  ^  -  2  ^ y  ®  v  cio.Ma)
y  = d t   ^ = r  ( k j   ^ y "  (10.4b)
Choosing the sim plest Freund-Rubin type ansatz for F
F  -  x/?7iT  I  (  4- ^  (10.5)
which, because of (10.2a), must have components on both M5' and M5.
The R icci tensor i s  calcu la ted  from the E instein  equation to  be
-  f  C  y (10.6a)
= 1  ^  h , (10.6b)
-  - f (10.6c)
so th a t  the space-tim e can be taken to  be the d ire c t product of
5-dim ensional an ti-d e  S i t te r  space and a 5-dimensional E instein  space. 
Note th a t  in  th e  t r i v i a l  case f  = 0 the Ricci f l a t  Minkowski d-space 
i s  allowed w ith the ex tra  dimensions a torus T'*"^(d<10). C alculating 
th e  R icci tensor from the curvature also  and equating with (10.6) 
y ie ld s
" f  "  f  i  F  .
’  - K -
(10.7a)
(10.7b)
(10.7c)
Since F i s  not constructed as the  e x te rio r d e riv a tiv e  of a 4-form i t  
must a lso  s a tis fy  (10.3) which im plies the co n stra in t
(94;
<1 s  -  c o n ^ ïo n ^  . (10.8)
T reating  these equations as for d=11 supergravity numerical so lu tions 
were computed and the  re su lts  fo r = -1 , kg = 0 and the two se ts  of 
i n i t i a l  values r  = s = 1, r  = s = 1, f^ = 5  and r = s = 1, f  = -1 ,
s = 1, f  = 5 are shown in  f i g s . (10.1-2) resp ec tiv e ly , c lea rly  showing 
rap id  expansion of the scale  fac to r r ( t )  for "ordinary" 5-dimensional 
space-tim e and diminution of s ( t ) .  Although (10.7-8) resemble those of 
d=11 supergrav ity  in form there  is  an important d ifference in the time 
evolu tion  in  th a t  the f  term eventually dominates as time proceeds, 
e sp ec ia lly  since the ( r s / r s )  term is  la rge ly  cancelled by the ( f / r )^  
term in (10.7b) and by the (s /s )^  term in (10.7c). Note th a t in (10.5) 
F i s  constructed  from the f u l l  v ie lb e in  for the 10-dimensional 
space and not the v^. The f  term ac ts  for increasing r  and decreasing 
s . A survey of known com pactifications to  N5’ X M5 is  given in 
Romans{85) and th e ir  symmetries discussed th e re in . I  have not derived 
time dependent equations for them a l l  but presume i t  is  possib le . 
Their study might give some in te re s tin g  models.
The above com pactification leaves a d=5 theory. Robb and Taylor{9} 
presen t a process of spontaneous com pactification to  AdS4 x s ' x M5 
f i r s t  by the step  above and then ’compactifying’ the M5’ to  AdS4 x S' 
by giving a non-zero value to P with P only having a component in the
4 -d ire c tio n  ( ie .  P = P^ V*^  ) . The equations of motion are  now
F  = *  F , (10.9a)
d  P  ~  O  , (10.9b)
R mw = Ri ^  j- (10.9c)
Pj^ must be chosen such th a t (10.9c) gives R**]^  = 0 yet m aintains 
(10 .9b). In the s ta t i c  case th is  can be done by se ttin g  P  ^ = f / ^  . I 
have extended th i s  to  the time dependent case. The g en era lisa tio n  i s  
s tra ig h tfo rw ard  because f  is  now time dependent and so P*^  i s .  I f  P 
s t i l l  only has a component in the 4—d ire c tio n  (10.9b) is  autom atically  
s a t i s f ie d .  L e tting  u be the scale  fac to r in the  fourth  d ire c tio n  the 
R icci tensor i s  ca lcu la ted  and i s  the same as (10.6) except R - 0 
and the  ind ices a , b only run over the values 1,2,3» The E instein  
equations become
( 9 5 )
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which must be s a tis f ie d  together with (10 .8 ). The Bianchi condition 
gives
%  ^ " f  A  “ ’ ( i j -  M  ^  Î i =  " 4 ' = ^  •
U nfortunately lack  of time prevented a numerical study of these 
equations, however I  th ink  i t  would be in te re s tin g  to  pursue th is  
p o s s ib i l i ty  fu rth e r . I t  appears th a t f  s t i l l  ac ts  fo r r  increasing  and 
s decreasing. A f i r s t  choice would be to  keep u constant. The theory 
could be fu rth e r  extended by making C non-zero.
There i s  another method of obtaining an e f fe c tiv e  d=4 theory by 
com pactifying s ix  dimensions by only giving the derived f ie ld  H a non­
zero va lu e{87}.
Since the d=10 theory is  a lim itin g  case of a superstring  theory 
i t  might be possib le  th a t th is  'h ie ra rch y ' approach to  spontaneous 
com pactification  i s  app licab le  to  super s tr in g  th e o rie s . I  have not 
considered th e  non-chiral d=10 su p erg rav ities, a l l  of which can be 
obtained from the d=11 theory by dimensional reduction, although th ere  
has been some work on these , see eg. G leiser e t al{88}, Chapline and 
Manton{89). The two types of d=10 supergravity are  equivalent for 
dimensional reduction to  d<10 i f  the ex tra  dimensions are  tori{90}.
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Mnû DISCUSSION
Assuming th a t  the c la s s ic a l p ic tu re  has some v a lid ity  for the 
early  universe I  have presented some new re su lts  which have shown the 
p o s s ib i l i ty  of obtaining in f la tio n  in  d=11 supergravity  desp ite  some 
d isappo in ting  fe a tu re s . I  have also  shown th a t going to  higher 
dimensions in  a non-supersymmetric grav ity  theory coupled to a 4- form 
F may improve some of these . In both types of theory the presence of 
the 4-form F i s  important in  determining the dim ensionality of 
ordinary space-tim e as w ell as, in time dependent th eo rie s , the 
behaviour of the  various sca le  fa c to rs .
The f i r s t  im portant re s u l t  i s  th a t  i t  i s  possib le to  extend the  F- 
f ie ld  in  d=11 supergravity  from the Freund-Rubin ansatz by including 
components on M7 which do not requ ire  the existence of a K illing  
spinor as per Englert{7) .  This observation allows F, to  be constructed 
when no supersynmetry e x is ts . The choice of F7 depends on the 
p ro p e rtie s  of M7 and the  p roperties  of F can be very d iffe re n t from 
those o f, when i t  e x is ts , the Englert form. Two new s ta t ic  so lu tio n s  
are  given; th e  f i r s t  showing th a t  for the seven-sphere th is  new F only 
e x is ts  when = 1 or 1/5 but for another case, the coset space Q'" , 
the new F e x is ts  when the in te rn a l space i s  not an E inste in  space. I t  
i s  re lax in g  the  condition th a t M? be an E inste in  space but s t i l l  
req u irin g  i t  to  be Ricci diagonal th a t allows for the more general 
time dependent equations to  be derived w ith, for example, time 
dependent squashing in  the case of the seven-sphere.
The importance of the new F i s  th a t  in c e r ta in  cases i t  permits a 
c la s s  of time dependent so lu tio n s  for the sca le  fa c to rs  which give 
a r b i t r a r i ly  large  expansion of the ordinary space dimensions. The 
components of F which produce th is  have been id e n tif ie d  and conditions 
derived fo r th is  expansion to  occur. Other fea tu res  of the model may 
s t i l l  e f fe c t the r e s u l ts  and these have been discussed fo r the various 
models considered. I t  i s  c le a r  th a t  the Englert F7 a r is in g  from
I
A ? = % q y  (11-1)
which gives
(9 7 J
= t " l  ■'"«"p7 ^ ^  o  -  ^ k  (11-2)
f a i l s  th e  in f la tio n a ry  requirement unless = 0 ( ie .  m = 0 ). The 
only cases I  know with q e x is tin g  and m = 0 are the torus and the 
K3 X space{24}. In the former case both p resc rip tio n s  are
equ ivalen t i f  the 7 -to ru s  i s  iso tro p ic . Neither the Englert nor new 
F, on or p. = 1/5 f u l f i l l  the in fla tio n a ry  requirement. Although
the new F allow s freedom to  look a t  a rb itra ry  squashing in  the  time 
dependent model i t  gives no s ig n if ic an t r e s u lt  other than a squashing 
which, in general, v a ries  in  time. C alculations I  performed with the 
E nglert F  ^ fo r = 1, 1/5 gave re su lts  which are very s im ilar to
those of the new model for the sp ec ific  cases discussed when 7V*” i s  
m aintained.
I  have shown th a t  i f  F obeys c e rta in  conditions i t  i s  possib le  to  
ob ta in  a r b i t r a r i ly  la rge  expansion of the ordinary dimensions and, i f  
o ther fe a tu re s  of the model permit, a l l  the ex tra  dimensions w ill 
c o n trac t. The cases where some of the ex tra  dimensions expand are  
re je c te d  fo r th is  reason. The expansion can solve the horizon problem 
but unfo rtunate ly  s u ff ic ie n t expansion i s  accompanied by a rapid  
co n trac tio n  of the ex tra  dimensions. I t  should be s tre ssed  th a t  the 
sca le  i s  not s e t by the theory. I f  the scale  of the ex tra  dimensions 
i s  s ta b i l is e d  a t  the Planck length the enormous i n i t i a l  value of 
~ ld^ Lp seems unphysical. I f  the i n i t i a l  values are of the order of Lp 
the  co n trac tio n  would be beset by quantun problems. Both these are 
u n sa tis fa c to ry . For the numerical so lu tions i n i t i a l  values were chosen 
but no physical reasoning given. I f  they arose out of a quantum 
f lu c tu a tio n  one would expect the  i n i t i a l  scale  to  be of the order of 
Lp. In the higher dimensional g rav ity  coupled to  F the  con traction  of 
the ex tra  dimensions can be reduced simply by increasing  the  number of 
ex tra  dimensions. Although th is  l a t t e r  theory is  not as a t t r a c t iv e  as 
supergrav ity  i t  perhaps deserves more study.
The so lu tio n s  with r  expanding and s con tracting  approach a 
s in g u la r ity  and i f  th i s  i s  to  be avoided the ex tra  dimensions must 
become s ta b i l is e d  a t  some fixed value. Is  th i s  a quantum e ffe c t ? I t  
has been suggested th a t  quantun e ffe c ts  may s e t the scale  of the ex tra  
dimensions in  s ta t i c  spontaneous com pactification{16,91} or even th a t  
quantum f lu c tu a tio n s  of m atter f ie ld s  may induce spontaneous 
com pactifica tion{92}. Although I  have ignored quantum e ffe c ts  they 
w ill  modify the  r e s u l ts  somehow. In a non super symmetric model
(90^ ;
Yoshimura{57} has calcu la ted  some so lu tions including a g rav ita tio n a l 
Casimir energy-momentum tensor.
Expansion must occur in the very early  universe before p a r t ic le  
c re a tio n . This may be so i f  the d=11 phase only la s t s  10“^* seconds. 
As fa r  as I  am aware the e f fe c ts  of p a r tic le  creation  in super g rav ity  
Kaluza-Klein cosmologies have not been studied but prelim inary work in 
o ther Kaluza-Klein cosmologies suggests th a t the energy d e n s itie s  of 
crea ted  p a r t ic le s  may prevent dynamical com pactification{58,93,94,95}.
For s ta t i c  so lu tio n s  one c r i te r io n  i s  th a t they be s ta b le , a 
general method of te s t in g  against a l l  in s ta b i l i t ie s  being given by 
Duff e t a l . {37} fo r s ta t i c  Freund-Rubin type com pactifications. This 
would have to  be extended to  incorporate F7 and spaces which are not 
E in s te in  before being applied to  a time dependent model. The p a r t ic le  
mass spectrum could then be studied to  see which were the dangerous 
modes. This extension of the method of r e f . {37} may not be easy.
In the  d=10 supergravity  model the 5-form F can be chosen to  give 
f iv e  expanding and f iv e  con tracting  dimensions. In s ta t ic  cases th ere  
i s  a method of ’com pactifying’ one more dimension to  S' using a 1-form 
presen t in the  theory{9}. This model has been generalised  to  give time 
dependent equations and i t  is  lik e ly  th a t there  e x is t so lu tions w ith 
the  S' rad ius constan t, 3 s p a tia l  dimensions expanding and
5-dimensions co n trac tin g . The idea does suggest the p o s s ib il i ty  of a 
f ie ld  f lu c tu a tio n  in  the d=11 theory causing the  u ltim ate con traction  
of the rogue ex tra  dimensions which expand in i t i a l ly  in some of the 
so lu tio n s . This could lead to  complicated h ie ra rch ies  of 
com pactifica tion .
The dzIO supergravity  is  a lim itin g  case of a s tr in g  theory. The 
study of the cosmology of s tr in g  th eo rie s  requ ires dynamical 
com pactification  as I  have described as well as dynamical 
'lo c a l i s a t io n ' to  remove the non-local degrees of freedom in a dz4
e f fe c tiv e  theory{96}.
Now to d iscuss the  symmetry of the so lu tio n s . The presence of F^  
w ill  reduce the bosonic symmetry of the theory to  a subgroup of the 
symmetry group of M7. The p a r tic u la r  symmetries have yet to  be 
stud ied . Coupling constants can be associated  with the ra d i i  of the 
compact m anifold{92} and these re s u l ts  have been modified fo r the 
presence of F{97}. Attempts to  id en tify  the coupling constan ts  of 
Freund-Rubin com pactifications w ith symnetry SU(3)xSU(2)xU(1) with the 
physical SU(3 )^  xSU(2)^xU( 1)y coupling constants ex trapo la ted  by the  
renorm alisation  group equations to  the com pactification mass sca le
have been la rg e ly  unsuccessful{98,99). In the  so lu tions given here the 
coupling constan ts w ill  be time dependent u n til  the s ta b i l is a t io n  of 
the  ex tra  dimensions, the re la tio n s  between the coupling constants of 
d if fe re n t  in te ra c tio n s  varying due to  the non-Einstein nature of M7. 
I t  i s  a lso  possib le  to obtain SU(3)xSU(2)xU( 1) from d=10 th eo rie s  but 
these  do not ex trap o la te  co rrec tly  e i th e r{98}.
Since the presence of components of F on the  ex tra  dimensions 
reduces th e  symnetry, but is  necessary for in f la tio n , to  obtain the 
u ltim a te ly  required SU(3)xSU(2)xU(1) symnetry requ ires more than seven 
e x tra  dimensions. Thus i t  would be in te re s tin g  to  consider n o n -tr iv ia l 
m anifolds fo r the ex tra  dimensions fo r the higher dimensional g ravity  
theory  coupled to  F and e x p lic itly  study the remaining symmetries for 
p a r t ic u la r  and F. The geometry of 8-dimensional compact manifolds 
has been studied  w ith a view to  solving the fermion rep resen ta tio n  
problem{100}. To include a 4-form F in  th is  case would ce rta in ly  
req u ire  to  be an iso tro p ic .
I f  d=11 supergravity  is  to  explain lew energy physics by dynamical 
com pactification  i t  must be some kind of preon model so th a t  the gauge 
f ie ld s  need not a r is e  from the K illing  symmetries of the ex tra  space 
but a re  composites produced by some unknown dynamics. This could 
perhaps a lso  overcome the problems with spinors a r is in g  from the non­
c h ir a l i ty  of the theory{101}. Duff e t a l . {102} d iscuss the p o s s ib ili ty  
of ob tain ing  the  standard model from the squashed seven-sphere.
I t  i s  possib le  to  generalise  the ansatz en made for the f ie ld s  in 
th e  models in  several ways, such as le t t in g  the  functions g%(t) in 
(7.50a) be functions of y” , the coordinates on M7, a lso . These 
g e n e ra lisa tio n s  lead  to  more complicated conditions on the  E'% fo r 
solving the  Maxwell equations together with more complicated E inste in  
equations. With no system atic method fo r se le c tin g  the the way 
forward appears n e ith e r c lea r nor obviously p ro fita b le . One 
g en e ra lisa tio n  which might be useful is  to  l e t  the a'p^r of (7»49) he
fu n ctio n s of y'' .^ The requirement (7.56) to  s a tis fy  the Maxwell
equations remains but with d iffe re n t cy . I t  may be possib le  to  pick 
a ^ ,r(y )  such th a t  dEj = 0 for in f la tio n  and yet s t i l l  re ta in  d*E; = 0, 
which is  necessary i f  the c^ = 0. L etting  r  = r (x ) ,  s = s(x) e tc . 
leads to  lo ca l com pactification which has been studied in  d=11 
supergravity  in a s ta t i c  case{103}* Unless the  dependence on the  
ordinary dimensions i s  sp ec ia lised  to  one ra d ia l coordinate the 
equations a re  very complicated and the spaces no longer Ricci
diagonal. This would vastly  complicate the choice of F. I  th ink  th is
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approach i s  un likely  to  lead to  an improved cosmology.
There i s  a lso  the problem of the cosmological constant appearing 
in  the  e f fe c tiv e  d=4 theory from the sca la r curvature of the ex tra  
dimensions. This 'c o n s ta n t' would be time varying u n ti l  fixed when the 
ex tra  dimensions are  frozen out, i t s  exact value depending on when the 
process occurs and by what mechanism. For p a ra lla lis a b le  M? (eg. 
from the models here) i t  i s  possible th a t fermi b ilin e a rs  may f la t te n  
th e  ex tra  dimensions to  remove th is  problem{36} but in general the 
problem remains unresolved. Based on an idea by Rubakov and 
Shapashnikov{ 104} a new type of s ta t ic  so lu tion  has been found which 
i s  an ti-d e  S i t t e r  coupled to  a seven space, the AdS m etric being 
scaled  by a function of the coordinates of M7{105, 106, 107}. I t  i s  
hoped th a t  i t  i s  possib le to  choose th is  function so th a t  the d=4 
cosmological constant i s  elim inated. Introducing time dependence would 
proceed as in  the  models described but the new function would become 
time dependent too. This opens up new p o s s ib i l i t ie s .
There are  a lso  so lu tions of d=11 supergravity , which I  have not 
considered, where F i s  constructed from Kahler 2 -forms when M? i s  a 
product of a Kahler manifold and S' factors{108}.
Since th is  work was carried  out another s ta t ic  AdS x S^  so lu tion  
of d=11 super g rav ity  has been found by Pope and Warner {109} with F 
non-zero on both the ordinary and ex tra  dimensions for which the 
m etric  on S  ^ i s  not E instein  and th ere  are  no K illin g  Spinors. The 
method used, the  inverse Kaluza-Klein method, allows the remaining 
symmetries to  be more easily  id e n tif ie d . The method could presumably 
be extended to  higher dimensional gravity  and might thus lead  to  the 
phenomenological gauge group. Hopefully the method could be formulated
to  include time dependence.
I  have presented some re s u lts  which have i l lu s t r a te d  a mechanism 
fo r producing in f la t io n . There are s t i l l  many problems to  be overcome 
in  making i t  r e a l i s t i c  and many v a rian ts  of the th eo rie s  discussed to
be stud ied .
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A CALCULATION OF THE RTCCT TENSOR
The Ricci tensor i s  calculated  by Cartan 's  Moving Frame Method 
which was found to  be the eas ie s t  and quickest method. In t h i s  th e s is  
I  consider mainly 11-dimensional space-times which are pseudo- 
Riemanian manifolds and are e i th e r  Lie group or coset spaces. The 
m odifications for other dimensional manifolds are straightforward. For 
any d e f in i t io n s  and d e ta i l s  not included here see r e f s . {110,111,112}. 
Let {L^}, M =0,1 ,... ,10  be an orthonormal basis  of l e f t  invarian t 
1-forms. All indices are  in the tangent space to the manifold and are  
ra ised  and lowered by the f l a t  metric = d ia g (+ - . . . - ) .  The Cartan 
s t ru c tu ra l  equations give the to rs ion  1-form
(A.1)
which by the to rs io n le ss  condition i s  se t equal to zero, and the
curvature 2 - form
àoo""'- , (A.2)
where i s  the connection 1-form given by
^  ^ L Ifj ^  ^ (A.3)
where i s  the in te r io r  deriva tive  taking (p+1)-forms to  p-forms
and i s  defined by
-  C  ,
-  C r -
The Riemann tensor i s  given by
the  Ricci tensor and the  Riemann curvature sca la r  follcw
(loz)
R" = f  R
mP
pR = r  R*" » . (A.7)pP = ^  r
Although in  general the simmation convention i s  assumed for repeated 
ind ices  an exception i s  for the Ricci tensor -  R^ ^^  does not imply a 
sun over M,
As an example of the ca lcu la tion  of the Ricci tensor by th i s  
method I  give, in d e ta i l ,  the derivation for the time dependent 
squashed seven-sphere introduced in chapter VII. All other models 
follow s im ila r ly .  The basis  chosen was {iT} = {V‘^ ,V*’,B'^ and i s
V ^ = c l t ' ^  V  = r ( ^ )   ^ 6 ^ =  S(J^) 0 ^  , (A.8a)
= S(b)e/ 'C>^)  ^ S'" = M "V,?,4(A.8b)
where the e , m = 1 ,. . . ,7  are the basis  of (7.10) obeying (7 .14). 
Immediately the r e la t io n s  for the f u l l  v ielbein  can be derived
d t  , (A.9a)
d ^ ' "  = f  t  r d / "  .  tr  r
V'*’ (A.9b) 
)
o l8 ”  = 5 W  8 "  -f j  o l e "  J
(A.9c)
d r '  = i i  e > ” '  + M. d e " 'lA. '
(A.9d)
o l 6 ’ = 1  g \
(A.9e)
t i l d e  in implies i t  r e fe rs  only to  the  4-space, th a t  i s  in
(A.3) the  iT are  replaced by v'^ and the i^  hy i& which obey
T ^ \ r ‘ -  %  g "  = <9. (A.10)
S u b s t i tu t io n  from (7.14) in to  (A.9d,e) gives
^ 6 ' ,  à v \  ^ (A. 11a)
^  (A .llb)
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plus simultaneous cyclic  permutations of (1 ,2 ,3) and (4 ,5 ,6 ) .  Using 
(A.4 ) ,  or d i re c t ly  from (A.9) ,  the components of the spin connection 
are
- r V " y (A^ oy = " 5 0 ^  rtl " “  ^ ^  ~ S' ^ (A.12a)
=
'VL
,  ^ 7 1 = — 0* -r n :  .
(A.12b)
( ^ 4  = e 'XS '  —c o d g f  + 1
(A. 12c)
= -  id'%5
7
e )  ^ "  A  ^ )
(A.12d)
M,
; is
z
& ; ) (A.12e)
plus cy c lic  permutations. Note th a t  the product form of the d=11 
manifold ensures 0. This would not be so i f  the scale  fa c to rs
in  (A.8) were functions of x or y. The curvature 2 -form is  calculated
by the stra igh tforw ard , but lengthy, sub s ti tu tio n  of (A.12) in to  (A.2)
and gives the  non-zero components
r '  = (A .isa)
= r  V 'k  V '"   ^ (A. 13b)
r  g’ + e U f g ^  8 ‘) ^  (A. 130
C  = I  n  B ‘ , ^  v v  (A.130
C  - ^  ^  (A. 130
r  g c i f / ) 6 " . ( è  
C  -- - f  i < è ) l  B "  ' /A
r  = ( M  ^ - ^ j ' ' " B ' / A . i 3 i
( #  ' 2 ( f ' r J ' ' ° ^ B ^ ( A . i 3 j )
3h) 
)
I K" = ( k  g ' : )
Eqns.(A .13f-l) a re  a time dependent version of eqns.(21) of Awada et 
al{50}. Now using (A.5,6) the equations (A.13) give
R % = i ( 4  " " f  + , (A.14a)
c -  , M '.. ,
which gives (7.29) for the s ta t i c  case and leads, with the E instein  
equations to  (7.36) for the time dependent version.
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APPSNDIX B MJMERICAL ELUTIONS OF EQUATIONS
Due to  the highly non-linear nature of the model dependent systems 
of coupled second and f i r s t  order d i f f e re n t ia l  equations (eg. the 
E inste in  equations (7.36) and the Maxwell equations (7.35) for Model 
1) i t  was, in  general, necessary to  solve the Maxwell and E inste in  
equations numerically. I  sh a ll  b r ie f ly  describe the procedure with 
some reference to  Model 1, the squashed seven-sphere. Let the system 
be represented by
F j  ( , a .  , k )  = o  , (B.1)
where I  la b e ls  the equations, I  = 1 , . . . , 5  for Model 1 a f te r  (7.35a) 
has been in teg ra ted  and i s  imposed as a constra in t on the system and 
one of (7 .36) i s  also imposed as a Bianchi condition. The Gl are  in 
the  case of Model 1 r ,  s ,u ,g ,  and g^. In th i s  work the independent 
v a r iab le  t  does not appear e x p l ic i t ly .  By se tt in g
k U  "= 4-K (B.2)
(eg. ^ = r ,  ( f z  s e t c . ) ,  the system is  converted to  one of f i r s t  order 
in  Hjç, G^, namely
Hr = L k  ( H i  , ^ s ) ,  (B.3a)
4 .  = ( H i  , 4 : ) .
Eqns. (B.3a) a re  the equations for p e tc .  ( f iv e  of them) and (B.3b) 
the  equations for r ,  s e tc . which are r  z ^  , s =<T e tc .  (and th e re  are  
f iv e  of th e se ) .  A computer program was w ritten  (for an IBM 43/31) 
which ca lled  a Harwell subroutine (DC01AD) to  numerically in teg ra te  
the system using a Runge-Kutta method.
I n i t i a l  values had to  be chosen for the Gi and Gj which would 
s a t i s fy  the condition a r is in g  from the E instein  equations due to  the 
Bianchi id e n t i ty ;  (8.6) in the case of Model 1. The constant in 
(7 . 353*) was ca lcu la ted  for the i n i t i s l  values and then in  each step 
of the in teg ra tio n  f  was recalcu la ted  by (7.35*) frcm th i s  equation
lioé)
using the  current values. A lternatively (7.35a) could have been used 
as a f i r s t  order d i f f e r e n t ia l  equation for f .  Eqns.(B.3a) are  obtained 
from (7 .35b ,c )  and (7.36b-d). The program then gave values for Gi,Gj 
(eg. r , r )  a t  time in te rv a ls  as required.
The accuracy of the solu tions was se t by allowing an erro r  on 
(= H|(, G|ç) of 110' +)J»c| x10’**^l . The program uses Gear’s p red ic to r-  
co rrec to r  method{113) which automatically chooses s tep  s ize  and order 
of in teg ra tio n .  For some cases, with p a r t icu la r  i n i t i a l  values, the 
system of d i f f e r e n t i a l  equations becomes unstable for ce r ta in  values 
of t  and t h i s  accuracy could not be achieved. However, when th i s  
occurred the equations were so unstable th a t  s e tt in g  a le s se r  accuracy 
only allowed the in teg ra tion  to  continue for a short time longer. In 
most cases when t h i s  happened the behaviour of the equations was c lear  
and approximate an a ly tic  solu tions could be studied as time approached 
t h i s  c r i t i c a l  value. The error could build up over several s teps . To 
check th a t  t h i s  was not important the  permitted error was changed and 
the  r e s u l t s  were found to  be very sim ilar .
The Harwell subroutine was designed for up to  ten equations. In 
the  case of Model 4 up to  twelve equations were needed and th i s  
required  m odification of the program. This modification did not give 
the  same accuracy as before and to  some extent lim ited  the  d e ta i l  
study of t h i s  model.
[10 7 )
or anû ^UPERSYMMETRY
There i s  some confusion in the l i t e r a tu r e  about the e f fec t  on any 
remaining supersymmetries of reversing the o r ien ta tion  of M?, giving 
r i s e  to  the misleading concept of l e f t  and r ig h t  squashing in  the case 
of the seven-sphere{42,46,114} and other solutions{5,115}. I have 
chosen the  o r ie n ta tio n  for My as
* J  -  6 .  (C.1)
By sending B ^ - ^ - B ^  the o r ien ta tion  i s  reversed because the space i s  
of odd dimension but t h i s  should have no consequence in  terms of 
supersymnetry e tc .
As discussed in  chapter IV a surviving supersymmetry requires th a t  
th e re  e x is t  a spinor q  (y) which i s  a solution of
V q  = ^  7  Ha • (C-2)
Note th a t  the  sign of m is  not fixed. The in te g ra b i l i ty  condition for 
(C .2), given by (4 .25), requires
= 6  ■ (C.3)
Choosing the usual Freund-Rubin ansatz
F  = 5 7 -  (C-4)
gives, as in  chapter IV
Q = -L y  . (C.5)l\rna •
Comparing (C.3) and (C.5) gives the r e su l t
(C.6)
Thus m and f  are re la te d  but th e i r  re la t iv e  sign i s  not fixed. This i s  
the  important point to  note. I f  the r e la t iv e  sign i s  fixed a p r io r i ,
(109)
as in r e f s . {5,42,46,47,45} then i f  there is  an q s a t is fy in g  (C.2) 
th e re  i s  not necessarily  one sa tis fy ing  the equation with the 
o r ie n ta t io n  reversed
8 ' (C.7)
However i f  the sign of m in (C.7) i s  changed, th i s  being allowed by 
(C .6), the  equation i s  restored  to  i t s  o rig ina l form and a solution 
e x is t s .  Thus l e f t  and r ig h t  squashing are equivalent, whichever i t  i s  
depending on whether m > 0 or m < 0 and t h i s  does not e f fec t  the 
ex istence of an q or not. I f  an q  e x is ts  on M? an F can be 
constructed  on My (by the Englert method, see (4.18)) and also on M?, 
th a t  i s  My with the o r ien ta tion  reversed.
(ic-b;
APPENDIX ü  EQUATIONS f o r  th e  HIGHER DIMENSIONAL THEORY
For completeness here i s  included the Einstein and Maxwell 
equations for the minimal theory of gravity coupled to  a 4-form F in 
higher dimensions considered in  chapter IX. I f  m is  the nimber of 
ex tra  dimensions with an iso trop ic  geometry and M,^  i s  the usual a n t i -  
de S i t t e r  or de S i t t e r  4-space the Ricci tensor calculated from the 
curvature  i s
C  '  i f  ^  , (D.la)
r J. i  -r i s  + i .  il-i + rn(m^) (D.lc)
“ 5 j  5* A rS ; l  [ s  /  '
where k ,(k^) a re  the 3(m)-space curvatures. For the m-torus k^ = 0.
Eqn.(D.I) i s  equated with the Ricci tensor from the Einstein equation,
which i s  the  same as the  d=11 super gravity case,
= é  -  F '  (D.2)
and i s  for F given in (9.19) iP i s  a m-torus
(D.3b)
-  »  I '
(D.3c)
The Maxwell equation
o l *  F = c?
gives the conditions
I  s "  -  C / ,
( n o )
(D.4)
(D.5a)
^  s*'  ^ ^ C ^   ^ (D.5b)
where c1 , c2 are  constants . Eqns.(D.3,5) would be more complicated for 
o ther m-dimensional manifolds and choices of the 3-forms E ;.
(hi;
EIGURE EAPTIONS
Fig. (5 .1) Po ten tia l  V((J ) as a function of f ie ld  ^  .
F ig s . ( 6 .1—4) Scale fac to rs  r ( t )  and s ( t )  shown as functions of time 
for the i n i t i a l  values given in t a b le ( 6 . 1).
F ig s . (6 .5-8) Volune(%^), Temperature(T), Entropy(Sg) and Density(9 ) 
shown as functions of time for the solution shown in 
f i g . ( 6 . 1).
F ig s . (8 .1-6) Scale fac to rs  r ( t )  and s ( t )  shown as functions of
time for Model 1 for the i n i t i a l  values given in
t a b l e ( 8 . 1).
F ig s . (8.7-30) Scale fac to rs  r ( t )  and s ( t )  shown as functions of
time for Model 2 for the i n i t i a l  values given in
t a b l e ( 8 .2) .
F ig s . ( 8 .31- 34) Scale fa c to rs  r ( t ) , u ( t ) , v ( t )  and s ( t )  shewn as 
functions of time for Model 4 the i n i t i a l  values given 
in  ta b le (8 .3 ) .
F ig s . ( 8 . 35- 38) Scale fac to rs  r ( t ) , u ( t ) , v ( t ) ,w ( t )  and s ( t )  shown as 
functions of time for Models 5 and 6 for the i n i t i a l  
values given in ta b le (8 .4 ) .
F ig . (9 .1) Scale fac to rs  r ( t )  and s ( t )  shown as functions of time
for the higher dimensional theory, a) m=15; r  so lid  , 
l i n e ,  s dashed l in e ,  b) m=63; r  dash-dotted l in e ,  s 
dotted  l in e .
F ig . (10.1) Scale fac to rs  r ( t )  and s ( t )  shown as functions of time
for the d=10 supergravity model for the i n i t i a l  values 
r  = s = 1, r  = s = 1.
F ig . (10.2) Scale fac to rs  r ( t )  and s ( t )  shown as functions of time
for the dzIO supergravity model for the i n i t i a l  values 
r  z s z 1, r  z -1, s z 1.
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